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PREFACE
This thesis is concerned with the development of suitable 
methods to represent power system elements as frequency-dependent in 
system stability studies, employing digital computers. The object has been 
to bring calculated performance closer to actual performance. The methods 
developed are applicable to both transient stability (first swing) and dynamic 
stability (multi-swing) studies, but, due to lack of appropriate information, 
the studies presented herein have been restricted to transient intervals.
Regarding the contents of the various sections: section 1 
presents a historical development of the problem of transient stability and 
its solution; section 2 describes the assessment of instantaneous frequency; 
section 3 deals with the detailed representation of synchronous machines, 
including the effect of instantaneous frequency deviations on machine e. m. f. , 
stored energy and machine reactance, as well as on transient torques; section 4 
deals with a treatment of transmission network damping; section 5 presents 
a frequency-dependent representation of system loads; section 6 integrates the 
work of the previous four sections to produce a comprehensive transient stability 
study incorporating all refinements; section 7 presents a general discussion; 
section 8 gives recommendations for further work; section 9 concludes the 
main thesis presentation; section 10 presents the mathematical derivations 
involved in sections 2 to 5, and section 11 presents key references and 
selected bibliography.
Regarding the originality of the material presented herein; 
the methods developed in section; 2. 2.2 (determining the instantaneous 
frequency); section 3. 2. 1 (considering variations of machine e. m. f . , angular 
momentum and machine reactance); section 3. 2. 2 (considering the transient 
torques); section 4.1 (considering transmission network damping); section 5.1 
(representing induction motors as frequency-dependent loads); and in section
ii i
5. 2 (representing static frequency-dependent loads) are claimed to be original,
and have resulted in the following papers: -
Published:
AKHTAR, M. Y. , "Frequency-dependent dynamic representation of induction 
motor loads. ” Proc. IEE, Vol. 115, No. 6, June 1968, pp. 802-812.
Accepted for Publication by IEE (London);
AKHTAR, M. Y. , "Frequency-dependent power-system static-load 
characterics."
AKHTAR, M. Y. , "Transient damping torques in synchronous machines 
during disturbances."
AKHTAR, M. Y. and KANEFF, S ., "Damping in transmission systems under 
transient conditions."
AKHTAR, M. Y. , "A comprehensive consideration of instantaneous frequency 
deviations in power system transient stability studies."
Submitted for Publication to IEE (London):
KANEFF, S. and AKHTAR, M. Y. , "Influence of synchronous machine rotor 
angular velocity variations in transient stability studies."
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SUMMARY
In comprehensive transient and dynamic power system  stability  
studies, the effects of change in instantaneous operating frequency have been 
hitherto neglected, partly due to lack of adequate methods of treatment, and 
partly due to considering (erroneously) such effects as insignificant. The 
present study has shown that neglect of changes in instantaneous frequency in 
transient stability studies can at the worst give an erroneous assessm ent of 
stability and even at best can result in a substantially different picture of 
current and voltage distribution throughout the system  when compared with 
calculations including transient frequency changes.
Methods have been developed to include transient frequency 
effects in the various power system  elements as follows:-
A simple vector method, employing the various synchronous 
machine e . m . f ' s  behind their saturated quadrature axis reactances, 
in conjunction with the instantaneous system  admittance matrix, 
evaluates the instantaneous frequencies of the various bus voltages 
and branch currents.
Synchronous machine e .m. f ' s  and angular momenta are 
modified in a manner directly proportional to the instantaneous 
rotor speed to take account of instantaneous rotor angular velocity 
variations.
Synchronous machine damping torques (which may be positive 
or negative depending on rotor slip with respect to the resultant air  
gap flux) are treated by employing asynchronous characteristics in 
conjunction with the rotor slip while taking the asynchronous output 
as proportional to the square of the instantaneous magnitude of the 
resultant air gap flux.
xii
T ransm ission  netw ork p aram ete r varia tions due to tra n s ien t 
frequency excursions a re  adjusted on the b asis  of the instantaneous 
frequencies of bus voltages for shunt branches and of b ranch  c u rre n ts  
for s e r ie s  branches.
To handle induction m otor loads on a dynamic and frequency- 
dependent b asis , a  method employing the p roperty  of lin ea rity  of the 
operating c h a rac te ris tic s  of an induction m otor (within the norm al 
operating range of slip) has been developed. This method allows 
single m otors o r groups of induction m oto rs to be rep resen ted  
through the u se  of the m ore  commonly available p a ra m e te rs  -  
horsepow er, in e rtia  factor, full load slip, power facto r, m agnetising 
cu rren t and efficiency. As a consequence of th is  approach, a reasonab le  
accuracy  in p red ic ted  perfo rm ance is  achieved in the absence of accu ra te  
equivalent c ircu it p a ra m e te rs , even when using groups of assem bled  
cu rves of rep resen ta tiv e  m achine p a ram e te rs .
Static frequency-dependent loads (for example, m e rcu ry  a rc  
re c tif ie rs , a rc  fu rnaces, d ischarge  lam ps and e lec tr ic  w elders), a re  
taken account of by a method which employs current-dependent 
instantaneous effective re s is ta n c e  and frequency-dependent inductive 
reactance , which conform s to the appropria te  p rac tica l c h a ra c te r is tic s .
When the above refinem ents a re  added in tran s ien t stab ility  
studies, it  has been found that a ssessm en t of power system  behaviour d iffe rs  
significantly from  studies which ignore tran s ien t frequency deviation effects. 
Depending on system  configuration and p a ra m e te rs , the refinem ents introduced 
in th is  re p o r t can show a system  to have a g re a te r  o r le s s e r  m arg in  of stab ility  
than that a sse sse d  for the system  if the refinem ents a re  not included. Even 
in a case  w here, when including the refinem ents, the system  ap p ears  s till 
to have an enhanced m argin  of stability , network cu rren t and voltage d is tr ib u ­
tions calculated  without the refinem ents can nev erth eless  cause e rroneous
x iii
protective relay settings. Consequently, it is recommended that in spite 
of the added computing time necessary, instantaneous frequency deviation 
effects are well worth incorporating in accurate power system transient 
stability studies.
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11. INTRODUCTION
Concurrent with the increase in complexity and size of electric 
power systems, there has arisen the increasing need for more refined methods 
of system planning and assessment. Advances in electronic computing methods 
and capabilities have made possible successively improved methods of 
calculation, so much so, that it might be expected that not a great deal more 
can be achieved without a careful relating of analytical techniques to the 
results obtained from full scale tests conducted on power systems, in order 
to assess the degree of agreement between the predicted and actual system 
behaviour. (Unfortunately few such realistic tests have been conducted).
In spite of the great amount of effort devoted to calculation
refinements, however, there seems to have been little attention given to the
study of power system behaviour at frequencies different from normal,
whether during steady-state operation or during transient and dynamic
electro-mechanical excursions - the assumption has been that instantaneous
frequency changes have negligible consequence, particularly in transient
195and dynamic stability studies
1.1 Historical Development of Power Systems
Prior to 1890, parallel operation of alternators was established 
1> 2in isolated instances ’ . Since the first enunciation of the principles of inter­
connection by Merz and McLellan (in an address to the British Association in 
751904 ), isolated power stations and isolated electric companies started
interconnections, and as a result, the problem of hunting of synchronous
machines under sudden load changes emerged. This problem did not assume
importance until after the change from belt driven machines to direct
84
coupled machines and from smooth to slotted armature construction . 
Probably the most successful method for minimising hunting was the
2introduction of dampers proposed by Leblanc ’ in France in connection with
84alternators, and independently by Lamme in the United States in connection 
with synchronous converters.
Small isolated power systems faced the problem of heavy
short-circuit currents, and in order to reduce their severity and the duty
of the circuit breakers which had to deal with such heavy abnormal currents,
the solution proposed by various authors was the use of series
current-limiting reactors at various points in the system. These reactors
16could localize the faults , thus maintaining the continuity of supply. With 
gradual expansion of the small isolated systems, they were interconnected 
and integrated into larger systems for the sake of continuity, economy, reli­
ability and pooling of technical knowledge and finances, this process
g
requiring high voltage transmission links for mutual transfer of power .
High voltage transmission lines transferring power to 
distant load centres and allowing mutual transfer of power between two 
electric power systems, have limited capacity, depending upon the sending 
end voltage, current, power factor and line impedance. To improve the
32,maximum limits of power transfer, synchronous condensers were suggested 
to be installed on the transmission line routes (for example, ref. 33, shows 
an increase of 42% in maximum power limit for a typical high voltage trans­
mission line in the presence of synchronous condensers). Later, series
64resistors were suggested for the same purpose
High voltage lines, because of their excessive charging
currents, created a further problem by requiring too low an excitation of
the synchronous machines under light loads supplied over long distances,
31thereby causing pole slipping, leading to instability . To solve this
problem, excitation levels of synchronous machines were adjusted in
117 144practice to produce operation at or near unity power factor ’ , and
3in order to control system voltages, shunt reactors were employed to over­
come the excessive charging currents
With the growth of power system capacities and the increase 
in physical distances between generating stations and load centres, extra- 
high-voltage transmission lines have been introduced. These are series
compensated by capacitors to overcome their excessive inductive reactances 
102 , 106 , 113 , 133 , 147
. The problem of physical distance has been handled
in two ways:-
(a) By employing d .c. transmission links (which have zero 
synchronous length 157).
(b) By employing tuned transmission lines (i. e. the electrical
220length is increased to more than half wave length ).
Synchronous machines can develop a limited maximum
electrical power depending on the excitation voltage, machine terminal
voltage, machine reactance, and the phase difference between the
excitation voltage and the machine terminal voltage. In the last decade,
the average output of generating sets installed has increased rapidly, and
with improvements in manufacturing techniques, synchronous machines
have become physically smaller for a given output. In turn, this has
resulted in an increase in the natural reactance of the alternators and a
198reduction in the inertia factor of the sets as a whole . Such trends 
seem likely to continue in the future and will tend to make the stability 
problems more acute. On the other hand, regulating devices, such as 
voltage regulators and speed governors, have undergone spectacular 
improvements in their performance. For example, voltage regulators 
can maintain voltage regulation in the system under normal operation to 
within + 0.1%, and present day regulators employing static excitation
4systems (instead of d.c. exciters) have resulted in operation of synchronous
machines with equivalent to zero reactance under disturbed conditions 26\
Voltage regulators have made substantial contributions towards the increase
in stability limits of synchronous machines by their quick response and
higher ceiling voltages (reported in the literature from 1928 to date).
Speed governors have also contributed towards stability of synchronous
machines63, 216 - particularly displacement governors 131. Recently,
braking resistors have been employed at the synchronous machine terminals,
237
in order to ensure stable operation during disturbances
In order to supply system load requirements, maximum power 
limits for synchronous machines as well as for transmission links must be 
taken into consideration for future planning of the power system. The 
stability limit, i. e. the maximum power transfer from the generating 
station to the load centres via the transmission lines, is usually reached 
when the power which can be transmitted over a line or obtained from an 
alternator, is a maximum. (As stability and voltage regulation are very 
closely associated, stability may also be defined as an ability to maintain 
voltage under varying conditions of load for which a system is designed).
In order to meet the system load requirements at all times
under normal and abnormal situations for both the present and the future,
extensive and precise planning is essential, involving knowledge of the
system load requirements from time to time. For this purpose, load 
127surveys are carried out at regular intervals and load trends are 
studied20  ^ at various key points in the power system to assess the 
future demands. Such comprehensive surveys can reveal the correct 
loading pattern of the system if based on:-
(a) Population estimates, housing requirements, commercial
and industrial requirements, and past load trends at 
various key load centres.
5(b) The demand ascertained by the type of area; high density, 
low density, and future saturation.
(c) Various types of utilization equipment and increasing lighting 
intensities.
With the aid of qualitative and quantitative load information 
at the various loading centres, the generation, transmission and distribution 
system capacities can be made available at the actual required time as far 
as possible; otherwise earlier provision of excess capacity will put an extra 
burden of untimely investment, while late availability will cause losses in 
revenue and inability to meet increasing load demands.
Present day electric power systems include the following
elements
(i) Synchronous machines - main source of electrical energy, 
equipped with; dampers to overcome hunting, to increase 
the negative sequence reactance and to overcome the 
excessive high voltages under asymmetrical faults; 
excitation system to control the wattless current, 
maintain system voltages within the declared limits
and to improve the steady-state and transient stability 
limits; governors to adjust the active power needed by 
the machine at the system nominal frequency and to 
facilitate the stable operation of the entire system under 
disturbed conditions.
(ii) Transmission lines - to transfer powers from distant 
plants economically, and also to interconnect the isolated 
systems, keeping them in synchronism by mutual power 
transfer as needed.
6(iii) Series re a c to rs  -  to reduce the m agnitude of sho rt c ircu it 
cu rren ts  with which the c ircu it b reak e rs  have to deal; to 
localize fau lts for continuity purposes; to reduce lamp 
flicker caused by violently fluctuating loads (for example 
caused by a rc  furnaces).
(iv) Shunt re a c to rs  -  to neu tra lise  the excessive charging 
cu rren ts  drawn by high voltage lines.
(v) Series capacito rs -  to neu tra lise  pa rtly  the excessive 
inductive reactance of ex tra  high voltage lines; to in crease  
th e ir  pow er-carry ing  capacities, and to reduce the violent 
fluctuations in reactive power drawn by apparatus such as 
e lec tric  w elders.
(vi) Shunt capacito rs  -  to im prove the operating power facto r 
of the loads at the load cen tres  and to regulate  the load 
voltages.
(vii) Synchronous condensers -  to supply the w attless cu rren t 
a t the load cen tres , to regulate  the load voltages and to 
in crease  the power tra n s fe r  lim its  of high voltage lines.
(viii) Shunt re s is to rs  -  for synchronous machine braking under 
d isturbed conditions.
(ix) Series re s is to rs  -  to in crease  the maximum power tra n s fe r  
lim its  of tran sm issio n  lines.
(x) System loads -  the m ain consum ers of e lec trica l energy 
for which the e n tire  system  has been planned. Such loads 
involve: synchronous m otors, synchronous converters, 
induction m otors, a rc  furnaces, e lec tric  w elders, m e rcu ry - 
a rc  re c tif ie rs , heating and lighting appliances.
71.2 Pow er System Studies
From  the viewpoint of economy, safety and re liab ility  of 
supply under actual conditions of loading fo r both p resen t and future system  
requ irem ents, knowledge of the perform ance of the various power system  
elem ents is essen tia l. F or a ssessm en ts  of perform ance under the w o rst 
p redicted  situations, p rac tica l te s ts  a re  very expensive and difficult to 
c a rry  out, so that model testing  has to be re lied  upon to a very  la rg e  
extent. Such models may be physical o r m athem atical.
Pow er system  perform ance a ssessm en t involves: load
flow in key transm ission  lines and feeders; stab ility  under s tead y -s ta te  
and d isturbed conditions -  the stability  of a power system  is its  capability 
to ride through a change in system  demand which may be gradual o r 
instantaneous, and may also  be defined as its ability to respond to the pow er 
demands fo r which it has been designed.
Series cu rren t lim iting reac to rs  made the ir way into power
system s as the only solution fo r reduction of sh o rt-c irc u it cu rren ts . In
o rd e r to evaluate the magnitudes of sh o rt-c irc u it cu rren ts , analytical
19techniques, together with p rac tica l te s ts  w ere p resen ted  by Diamant ,
but there  was m arked d isagreem ent between theory and p rac tice . D oherty 
23and Shirley subsequently introduced refinem ents, fo r exam ple, by including 
leakage fac to rs  in calculating the transien t reac tances fo r the synchronous 
m achines for trea tm en t in sh o rt-c irc u it studies -  this produced b e tte r  a g re e ­
m ent between theory and p rac tice .
Small interconnected power system s faced the problem  of 
s teady -sta te  stability  lim its , w hereas the tran s ien t stab ility  problem  w as
7
alm ost absent. Brooks p resen ted  a graphical solution in 1907 with the aid
8of a phasor diagram to determine the maximum power transfer between two
synchronous machines running in parallel. Such interconnected systems
involved high voltage transmission links for mutual transfer of power, and
the problem of limited power transfer through a given line was soon met.
9
Philip presented a circle diagram in 1911 to determine the maximum
power transfer over a transmission line with varying R:X ratios. Subsequent
25calculations were presented also by Steinmetz . The transmission
problem was tackled analytically by employing generalized transmission 
32 33line constants ’ , and the calculations compared with measurements on
a 2300V and 625 KVA line with good agreement between theory and practice; 
the authors also suggested the use of synchronous condensers, to improve 
the maximum power transfer limit (as indicated in section 1.1).
21In 1917, Johnson pointed out the latent introduction of
instability due to the excessive use of series reactors to reduce the
magnitude of short-circuit currents in a system under disturbed conditions.
22In the same year, Juhnke also mentioned the transient stability problem
24in relation to the use of series current limiting reactors. In 1920, Schuchardt ,
described some instances of unstable operation of certain alternators on
American systems, and suggested the elimination of series reactors used
for current limiting purposes. In Britain, the power system grid was
expanding and the deficiency of synchronising power able to be carried by
27transmission lines was causing problems
A simplified representation of a synchronous machine by a
fixed e.m.f .  acting behind transient reactance followed from the constant
23flux-linkage theorem put forward by Doherty and Shirley in 1918, and was
27proved by Rogowski , with respect to an explanation of short-circuit 
phenomena in synchronous machines. This method in conjunction with 
assumed zero electrical resistance of various circuits proved very
9useful fo r sh o rt-c irc u it cu rren t calculations, as employed by Franklin  in
371925 On the o ther hand, Spencer and Hazen felt the analytical techniques 
too difficult and tedious, and consequently in 1925, they built a sm all sca le  
m odel of a power system , represen ting  the sources by phase shifting 
tra n s fo rm e rs , tran sfo rm ers  by th e ir  equivalent c ircu its , and tran sm issio n  
lin es  and system  loads by lumped im pedances a t system  nominal frequency.
By this tim e, power system s had become quite complex, and
engineers w ere m eeting problem s with the tran s ien t stab ility  lim its  for the 
42 47 45en tire  system  ’ . In 1926, Shirley pointed out the p rac tica l stab ility
lim its  in supplying ce rta in  c lasses  of load, even with short lines. The loads 
w ere  c lassified  a s :-
(1) Constant power output -  induction m otors with p rac tica lly  
constant shaft output, such as those driving fans, pumps, 
co m presso rs , d ire c t-c u rre n t generato rs; synchronous 
m otors fo r the sam e c lasses  of se rv ice  as fo r induction 
m o to rs .
(2) V ariable impedance -  synchronous converters  supplying 
power to se r ie s  m otors for railw ay serv ice .
(3) Constant impedance -  lighting, heating, e lec tric  furnaces, 
w elders, and synchronous co n v erters  fo r lighting load.
(4) M iscellaneous -  combination of constant power, variab le 
impedance, and constant impedance loads.
The em phasis was placed on active and reactive power dem ands
as affected by the term inal voltage and not on the instantaneous frequency influence.
47Such loads w ere fu r th e r described  by Clough in 1927, with the aid of v o lt-  
am pere  ch a rac te ris tic s , and showed the possib ility  of unstable operation when 
the a lte rn a to rs  w ere operated at constant excitation.
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A nalytical solutions regard ing  the behaviour of synchronous
m achines under s tead y -s ta te  and tran sien t conditions, such as cyclic variations
of im pressed  torque, sudden angular d isp lacem ent, synchronising out of
phase and sh o rt-c irc u its , w ere  p resen ted  by Doherty and Nickle46 and K u " .
Subsequently, a com plete 2 -»reaction theory  of synchronous m achines, f i r s t
53enunciated by Blondel, was p resen ted  by P a rk  in 1929. A sim plified
50step -by -step  method suggested by P a rk  and B ancker fo r synchronous
m achine calculations was developed in detail by Longley81 1^" ^ , on the
b asis  of P a rk ’s two reaction  theory, to calculate  the swing cu rves fo r
synchronous m achines under d isturbed conditions fo r sym m etrical 3-phase
65faults. Following th is , C larke introduced sym m etrical components
fo r asym m etrica l and sim ultaneous faults by developing special equivalent
c irc u its  fo r such fau lts. The two reaction  theory fo r the synchronous
m achine was fu rth e r extended to include satu ration , a rm atu re  c ircu it
68 81capacitance, dam pers and a balanced te rm in a l impedance by P a rk  , C ra ry  , 
C oncordia89, 85 and Ku86 respectively .
The in c reased  com plexity of e lec tric  pow er system s
demanded a com plete analysis , but due to computing difficulties, analytical
57techniques w ere based  on the following sim plifying assum ptions : -
(a) R esistance  and capacitance w ere neglected.
(b) R eactances in the d irec t and quadra tu re  axes w ere considered 
equal.
(c) Norm al voltage w as m aintained under s tead y -s ta te  conditions 
on the h igh-tension side of tra n s fo rm e rs  a t the g enera to r end.
(d) The pow er fac to r a t the high tension side was norm ally  0. 98 
lagging.
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(e) Flux linkages behind tran sien t reactance  of the g en era to r and m otor 
w ere considered  to rem ain  constant during the f i r s t  swing.
(f) Magnetic satu ration  was neglected.
(g) Damping torques w ere neglected.
(h) R esults w ere based on the f ir s t  swing only.
(i) Faults w ere considered only on the high tension side of the 
unit tran sfo rm er.
(j) Constant shaft torque assum ed.
(k) G overnor, voltage regu la to r action and load-speed c h a r a c te r^  
s tie s  w ere neglected.
( f ) Changes in instantaneous synchronous machine speeds w ere
neglected.
All the above assum ptions provided sim plified m athem atical 
m odels to c a r ry  out power system  studies, in p a rticu la r neglecting the change in 
speed of the synchronous m achines, which perm itted  trea ting  the tran sm iss io n  
and d istribution  netw orks and the power system  loads at system  nom inal frequency. 
Since the developm ent of the 2-reac tio n  theory, the a ssessm en t of perfo rm ance  
fo r power system  elem ents by physical models was p re fe rre d  in the face of 
difficult analytical techniques. These techniques w ere continually refined fo r 
various individual elem ents : for example, synchronous m achines -  refined to 
include damping and synchronizing torques, and the c h a ra c te r is tic s  of autom atic 
voltage reg u la to rs  and governors; induction m otors -  including damping and 
tran sien t analysis during switching and faults; high voltage d irec t c u rre n t 
tran sm issio n  system s.
Most of the analytical studies w ere  based on a single m achine
supplying an infinite bus, e ith e r d irec tly  o r through an ex ternal im pedance,
74 76with possib le  extensions to two o r  th ree  m achines ’
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At this stage, the power system  studies w ere c lass ified  a s :-
(1) Load flow stud ies.
(2) S teady-state stab ility  studies.
(3) T ransien t stab ility  stud ies.
The load flow studies did not p re sen t many problem s and could
99, 104, 132
easily  be c a rrie d  out on A .C . and D .C . calculating boards
60, 88, 89, 111, 120,150, 155
, and on
A. C. network analyzers with the synchronous
71m achines being rep resen ted  by e . m . f ' s  acting behind equivalent reac tan ces  , 
and treating  the re s t  of the system  by equivalent c ircu its  at system  nominal 
frequency.
Regarding s tab ility  studies, im proved m odels w ere developed,
in which the synchronous m achines w ere rep resen ted  by sim ulation techniques 
00 110’ , (with e . m . f ' s  corresponding  to the excitation, and th e ir  phase angles
corresponding to the governor settings). Such models w ere quite sa tisfac to ry
fo r carry ing  out s tead y -s ta te  stab ility  studies, but for tran sien t stab ility , the
n ecessa ry  s tep -by -step  adjustm ents of the magnitudes and phases of the
m achine e . m .  f ’s w ere tim e consum ing and tedious. In 1950, a modified
model system  was developed in which the synchronous m achine units w ere
121 149replaced  by m icro-m achines ’ of very low power (1-10 KVA), in which
the operating c h a ra c te r is tic s  of the m odels w ere intended to co rrespond  to
those of the full size m achines; however, there was s till a m arked difference
173in re su lts  when com pared to actual te s ts  on a system  . In 1955, a dynamic
150analyzer was built by Kaneff , which offered a range of scaling by changing
the value of capacito r in the m achine units and the re su lts  agreed with the
step -by -step  in tegration methods of the swing equation. F u ll-sca le  stab ility
173te s ts  c a rr ie d  out in 1958 on the 132 KV B rita in  grid  confirm ed the 
general accuracy  of the usual netw ork analyzer studies fo r tran sien t stab ility .
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Since the beginning of the era of digital computers, mathematical
models for complex power systems have been rapidly developing, as they offer
as detailed a treatment of power system elements as one has the ingenuity
and the information to include; moreover, physical models have their own
inherent limitations which make them in many respects less attractive than
digital methods. Stability studies on high speed digital computers have taken
into account all the simplifying assumptions (a to k above) which were adopted
in the past due to computing difficulties. Comprehensive digital computer
214, 216, 229,246programs have been developed to carry out such stability studies
1.3 The Importance of Power System Frequency
As already mentioned, present day stability studies make use 
of modern high speed digital computers, which offer as detailed a representa­
tion of the various power system elements as the state of knowledge and 
practice permit. Limitations are in fact due to the absence of adequate 
methods for detailed representation and the lack of necessary information 
on appropriate system data.
Of the simplifying assumptions mentioned in the previous 
sections, only (i ), that is, changes in instantaneous synchronous machine 
speeds, has hitherto been ignored in calculation refinements.
Under conditions of operation with given operating capacity 
constraints, the power controller has two parameters available for adjust­
ment to meet the system load requirements : system operating frequency, 
and voltage. Loads such as induction motors are affected predominantly 
by the operating frequency, whereas others, for example, mercury arc 
rectifiers, arc furnaces, discharge lamps, electric welders, filament 
lamps and element heaters, are affected predominantly by the operating 
voltage. Thus, depending upon the composition of the system loads, the
14
power controller will take the necessary action under normal and emergency 
conditions when there is a shortage of spinning reserve. In general, induction 
motor loads predominate in a power system, and consequently the operating 
frequency of the system has proved to be a very powerful adjustable 
parameter available to the power controller119, .
Under transient disturbance conditions, the rotors of the 
various synchronous machines will be subjected to deviations in speed from 
the normal steady »state system nominal value, giving rise to transient 
changes in instantaneous frequencies of voltages and currents throughout 
the system. The magnitude of these frequency changes may amount to 
several percent of system frequency as discussed in Section 2. Transient 
variations in frequency throughout the system affect the performance of 
the various power system elements as follows:
(i) The instantaneous stored energy in the rotating parts of the 
synchronous machines and the machine e .m .f's vary. The 
effect on machine e. m. f. has been dismissed in a purely 
inductive circuit in reference 195, even though the constant 
magnitude of current at a changed value of machine e .m.f .  
will be followed by a change in active and reactive power.
This neglect of change in instantaneous frequency has 
permitted the equating of P.U. torque to the P.U. power 
(which is not in fact true).
(ii) Produce a relative speed between the synchronous machine 
rotors and the resultant air gap fluxes, and in addition, 
cause a rapidly decaying d. c. magnetic field (uq the case 
where the fault is close to the machine), and a flux produced 
by negative sequence currents (in the case of asymmetrical 
faults). Under these circumstances, the synchronous
15
machines develop various damping and opposing torques
(due to interaction of the rotor and the resultant a ir gap
flux) in addition to their electrical output torques. The
damping torques may be positive or negative depending
upon the slip of the rotor with respect to the resultant
a ir gap flux. The existing practice has been to consider
such damping torques as directly proportional to the
instantaneous slip of a synchronous machine rotor with
respect to an infinite bus voltage in the case of a single
machine connected to an infinite bus, (whether through an
external reactance or not), whereas in a multi-machine
case, the instantaneous slip has been considered with
respect to the Thevenin’s equivalent e. m .f. in series
with the short circuit impedance when the machine under
103consideration is disconnected . This treatment will 
always give damping in the positive direction whether the 
machine starts accelerating or decelerating under 
disturbed conditions. The treatment presented in 
ref. (224) considers the damping torque as proportional 
to the rotor slip with respect to the terminal voltage, on 
the basis of the argument that the machine views the 
remaining power system network through its terminals r 
this is erroneous because the damping torque in fact 
depends on the relative speed between the rotor and the 
resultant a ir gap flux.
(iii) The transmission and distribution network param eters 
vary, thus introducing negative damping by effectively 
reducing the mutual synchronising coefficients for the 
various synchronous machines. The change in system
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netw ork p a ram ete rs  w ill upset the cu rren t and voltage 
d istribu tions in the en tire  system , resu lting  in erroneous 
settings of protective re lay s  and of tap-settings of various 
power and d istribution  tra n sfo rm ers .
(iv) The active and reactive  power demands of the power system  
loads (which determ ine the system  perform ance under norm al 
and abnorm al situations) vary . The m ore usual loads m et in 
p rac tice  include : induction m otors, synchronous m otors, 
filam ent lam ps, elem ent hea te rs , d ischarge lam ps, a rc -  
fu rnaces, e lec tric  w elders, and m ercu ry -a rc  rec tif ie rs ; 
a ll of which a re  voltage-dependent, and except for filam ent 
lam ps and elem ent h ea te rs , a re  also frequency-dependent. 
The pow er system  loads have previously  been rep resen ted  
in tran s ien t and dynamic stab ility  studies in various ways, 
for exam ple by: -
(1) Constant shunt im pedance at system  nominal frequency, 
giving active and reactive  power d irec tly  proportional 
to the square  of the te rm inal voltage.
(2) Constant cu rren t sinks, giving active and reactive  powers 
d irec tly  proportional to the te rm ina l voltage.
(3) N on-linear loads.
Loads have been rep resen ted  in a very detailed  m anner in 
re fe ren ce  247, by:-
a + b Vk
d + e V, k
2
+ c V,
k 2
+ f’ V, k
fo r th e ir  instantaneous term inal voltage-dependence, (where
(a, b, c, d, e andf’) are the constants as determined by the 
load data and the load characteristics); and by
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k i k v 1 ^  V
=Q i k <i H- k2 (pe)k)
for their instantaneous frequency-dependence, where k^  
and k are constants and (p0) is the instantaneous deviation 
in the bus voltage frequency from its nominal value.
All the usual representations of power system loads have 
hitherto treated the loads as static and independent of frequency, except 
in the case of ref. 247, in which it is suggested that the loads may be 
represented as in the relations P£ an 
dependent on frequency deviation. However, although some loads may 
depend linearly on frequency deviations, others (for example, arc-furnaces 
and electric welders) do not. Clearly, a more complex relationship between 
the frequency deviation and load deviations must be introduced.
d Qj^  above - that is, linearly
1.4 Objective of the Present Project
In view of the previous neglect of transient frequency deviations 
in power system stability studies, and particularly because of trends towards 
low inertia and high natural reactance synchronous machines, it is considered 
important to investigate the effect of transient frequency deviations on the various 
components of a power system (both separately and in an integrated manner) in 
order to ascertain the magnitude of the various effects. This has formed the 
motivation for the present project.
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2. INSTANTANEOUS FREQUENCY VARIATIONS ON A POWER SYSTEM
Under disturbed conditions, the various synchronous machines 
on a power system move at varying angular velocities, different from their 
steady-state values, thereby producing instantaneous frequency deviations, 
from system nominal values, of the voltages and currents throughout the 
system. Such transient deviations of frequency affect the performance of 
the various power system elements, as has already been suggested in 
Section 1.
2.1 Magnitude of Frequency Excursions
It can be shown by a simple approximate argument that in
extreme cases, frequency excursions on power systems of up to + 5% of
142synchronous frequency can occur . More commonly, however, excursions 
of up to + 2% may be expected in normal configurations (see, for example, 
ref. (195), page 6); this figure has been confirmed by the author for various 
different systems which have been studied by the methods presented herein.
(For example, see figure 3.6 (c)).
The general magnitude of instantaneous frequency excursions
has been long appreciated; however, awareness of the order of quantitative
effects produced on the system, particularly in relation to transient and
dynamic stability, has been lacking - indeed, the effect has been considered 
195negligible . It will later be evident that including instantaneous frequency 
excursions in calculations of transient stability can have an important signifi­
cance.
2.2 Assessment of Instantaneous Frequency
Consider the power system of Figure 2.1, where two machines 
supply a common load through a transmission line. Transient conditions may 
be produced by applying a fault on load bus No. 4, and as a result of application
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of the fault, the instantaneous rotor angular velocities of each machine will
deviate from co^ , the synchronous value.
LOAD
LOAD
Fig. 2. 1 Power system illustrating assessment of instantaneous frequency.
Under disturbed conditions, the e.m.f .  and current phasors 
will move with respect to a reference phasor moving with synchronous angular 
velocity, as shown in fig. 2.2, by small, and in general different, angular 
velocities. Thus phasors I , I I , E , and v  will follow E and E with
1 A  o 4  O £ 1 ct
different relative angular velocities depending on the instantaneous values of 
reactance voltages in the circuit : these values can be found from a knowledge 
of the instantaneous frequency of the current passing through the various parts 
of the system, and in general under disturbed conditions, the instantaneous 
frequency of the above quantities will be different from synchronous.
In figure 2.1, the machines may swing either in the same 
direction, in which case the frequency of all phasors follows these swings 
at different rates, or they may swing in opposite directions, when phasors 
1^  and I2 will follow their respective machines, with following either 1^  or 
I2 depending on whether machine l o r  machine 2 respectively is dominant.
Let L = I „ sin cot 1 maxi
*2 *max2 sin ( co + e ) t
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Fig. 2. 2 Phasor diagram on X-Y plane.
Where co and oo + « are the instantaneous angular velocities 
max21of phasors I . and I oJ respectively, maxi
assuming I = I 1,maxi max2
then i A = sin wt + sin ( co + «':) t 34
= 2 sin ( co + e /  ) t . cos (e / 2) t (2 . 1)
The term cos (V2) t in equation (2.1) modulates the amplitude 
of the sine wave of instantaneous angular velocity ( co + 6 /2), and its contri­
bution to change the amplitude is quite small during the time interval "At" 
which is usually of the order of 0. 05 sec. For example,»/ € = 7T, i. e. deviation
21
in instantaneous angular velocity is 1% from its nominal value, the contribution 
by the term cos € /g t during the time interval of 0. 05 sec. is to reduce the
magnitude of the sine wave by 0. 3%, whereas when € = 
is 0.07%.
tt/ 2, the reduction
For zeros of i_ ., 34
sin ( w + e ) t = - sin w t (2.2)
The equation (2.2) will be satisfied if,
(a? + e ) t = 2 t t  k’ + ß (2.3)
and w t = 2 TT k’ -  ß (2.4)
Adding equations (2. 3) and (2. 4) and dividing by 2,
Cüt + € t y = 2 7T k ’
or the instantaneous angular velocity of the phasor I
= u  + € / 2 (2.5)
On the basis of the assumption that 1WCÜC) = I^^^the additional term €/g in 
equation (2. 5) represents the average deviation. In the case where I is 
dominant, the contribution by the additional term will be very small, whereas 
a dominant contribution of I will bring this additional contribution in equation 
(2.5) close to e when I o. The instantaneous variations of 1^ will follow 
approximately a sine law but with changing frequency. Therefore, the 
difference in instantaneous frequencies can be evaluated as "(incremental 
phase displacement/incremental time)'! Thus the rate of change of instanta­
neous time phase of the resultant current flowing in a branch, divided by 2 n , 
will give the instantaneous frequency of the current.
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In order to account for the situation arising on an actual power 
system where, during transient disturbances, changes in instantaneous 
freqrency of voltages and currents occur on different parts of the system as 
a result of acceleration and deceleration of the synchronous machines, it is 
possible to determine the instantaneous contribution of current in each 
particular branch of the system made by each machine or machine group.
2.2.1 Partial Differentiation Method
In order to determine the instantaneous resultant current 
both in magnitude and phase in a branch of the transmission network, the 
contributions of current by individual machines towards the total current 
in a particular branch should be known. Then, by applying the principles 
of superposition, the resultant currents can be evaluated both in magnitude 
and phase. The instantaneous current in the branch between buses k and 1 is,
I _ 2
ka ~ 3 9 1 , x I. J (2 . 6)
This information is required many times for each branch 
(as shown in section (4.1.1.2)), at each interval of time during a transient 
stability study, and this becomes a very time consuming part of the 
calculation procedure on a digital computer.
2.2.2 Rotating Phasor Method
A reference X-Yplane is selected to move at an angular 
velocity in an anticlockwise direction, at the system nominal frequency. 
All voltage and current phasors are first placed on theX-Y plane under the 
steady-state conditions satisfied just prior to a disturbance. This may be 
achieved as follows:
23
(a) Take a reference bus, which may be a load or machine 
bus in the network, and establish its voltage phasor 
along the X axis of the X-Y plane.
(b) Carry out a normal load flow study under steady state 
conditions. This gives complete steady state information 
on all voltage and current phasors in the system (and in 
particular provides the magnitudes and relative positions 
of the machine e. m. f. phasors on the X-Y plane).
The above steps (a) and (b) are performed at the beginning of 
a study only. Subsequently, in order to be able to handle transient conditions 
in which the various quantities such as voltages, currents, admittances, and 
instantaneous frequencies vary, the following steps must be carried out at 
the beginning of each new operation (for example, the occurrence of a fault, 
fault clearance and so on). In each such instance, all phasors (except the 
synchronous machine e. m.f. phasors which necessarily cannot suddenly 
change position) must be relocated on the X-Y plane, using the following 
steps:
(c) Resolve the machine bus e .m. f ’s on the X-Y plane in 
complex form as,
= E cos 6 + i E sin 6K m m m m
assuming the other bus voltages to be 1 + jO, as a first 
approximation.
(d) Replace all loads by their equivalent admittances at the 
system nominal frequency.
(e) Form the admittance matrix for the entire system at the 
system nominal frequency in the first instance, or for
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subsequent operations, fo rm  the m a tr ix  at the appropria te 
new instantaneous frequencies.
(f) Ca lcu late the various node voltages, branch cu rre n ts  and 
th e ir  phase angles on the X -Y  plane as outlined in  the 
Appendix 10.1, whereby an ite ra tiv e  process co rre c ts  
the node voltages, one by one, assuming the others as
constant, and rap id ly  p rovides the quantities requ ired  to
0
w ith in  a predeterm ined index of accuracy.
By the above process, the voltage phasors fo r  a ll the system 
nodes may be represented on the X -Y  plane under steady-state conditions. 
The various branch cu rre n ts  o f the transm iss ion  netw ork can also be 
represented on the same X -Y  plane. When the system  is  subjected to a 
trans ien t d isturbance, a l l phasors w i l l  adjust th e ir  instantaneous positions 
depending upon the se lf and m utual adm ittance o f the various nodes. In 
o rd e r to exclude the pu re ly  e le c tr ic a l trans ien ts , a ll phasors are relocated 
on the X -Y  plane in  the manner described above, each tim e a change of 
operation (e. g. sw itch ing o f loads o r  of components of the tran sm iss ion  and 
d is tr ib u tio n  ne tw ork and the occurrence o r  rem oval o f fau lts) takes place.
D u ring  the so lution o f the pow er system  d iffe re n tia l equations 
fo r  trans ien t s ta b il ity  studies, instantaneous angular positions fo r  each phasor 
(voltage o r  cu rre n t) are  available at the beginning and end of each step tim e 
in te rva l, A t.  Then the instantaneous frequency of the voltage at the bus k is 
g iven by,
f k 2 77 A t
f
o
(2.7)
and the instantaneous frequency o f the c u rre n t through the line  between buses 
k and jg is ,
f U
k£ ok£ + f
o277 A t
(2 . 8)
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When applied to a digital computer program which takes 
instantaneous frequency effects into account, solution for each step can be 
made to converge rapidly to an acceptable accuracy as outlined in section 
(3. 2.1. 6). In this way, instantaneous frequency variations at any point of 
the system may readily be found. Identical values for the variations in 
instantaneous frequency can of course be derived from the slopes of the 
angle-time curves (when expressed in cycles per second).
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3. SYNCHRONOUS MACHINE REPRESENTATION AND BEHAVIOUR
The basic  2-ax is  theory of the synchronous machine f ir s t
53enunciated by Blondel w as fu rth er developed by P a rk  in the 1920's,
and extended by Concordia, C rary , Ku, and P a rk  to include : the effect
71 58of m agnetic satu ration  ; a rm atu re  re s is tan ce  ; a rm atu re  c ircu it 
81 85capacitance ; balanced term inal impedance ; synchronous machine damping
(offered  by the eddy c u rre n ts  induced in the ro to r s tru c tu re  and by the dam pers
provided to overcom e the e a r l ie r  hunting prob lem s, as well as to in crease  the
negative sequence reactance  of the a lte rn a to rs  and to suppress the excessive
66voltages during asym m etrica l faults on the a lte rn a to rs  ) ; extension to
86n-phase synchronous m achines and the analysis  of asym m etrica l fau lts by
65sym m etrical com ponents ; methods fo r a ssess in g  the perform ance of 
synchronous m achines under various conditions of operation.
In the early  1930's, the advantages of quick acting voltage 
re g u la to rs5^, and governo rs^3 w ere also rea lised , but in view of the 
computing difficulties with analytical techniques, the following simplifying 
assum ptions have prev iously  been employed in  tran s ien t stability  studies 
c a r r ie d  out to p red ic t the perform ance of synchronous m achines under 
d isturbed  conditions : -
(a) Constant flux linkages.
(b) T ransien t saliency neglected.
(c) Damping torques neglected.
(d) Voltage regu la to r and speed governor effects neglected.
(e) Saturation neglected.
(f) Stability determ ined  by the f ir s t  swing.
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(g) Changes in instantaneous speed of synchronous machine 
ro to rs  neglected.
Many of the above assum ptions a re  to a degree self-com pensating
and it is possib le  to obtain re su lts  which a re  reasonably close to those existing 
173in p rac tice  , by rep resen ting  the synchronous machine by an e. m .f. acting 
behind the d irec t axis tran sien t reactance, with the m echanical input power 
held constant, while trea ting  the en tire  system  at system  nominal frequency.
In the light of developm ents and perform ance achieved by
autom atic voltage regu la to rs  and governors, the re su lts  obtained on the basis
214
of the above assum ptions have been considered to be safe , and synchronous
195m achine damping has been considered to be positive and to give safe resu lts  
In p rac tice , however, synchronous m achine damping can be positive o r negative, 
depending upon the synchronous m achine slip  with respec t to the resu ltan t a ir  
gap flux under d isturbed conditions, as d iscussed  fu rth e r in Section 3 .1 .4 .
F rom  the viewpoint of economy, power system s should be 
designed close to th e ir  transien t stability  lim its , and for norm al operation, 
a knowledge of the tru e  behaviour of the synchronous m achines under the m ost 
extrem e conditions is  essen tial. In the la s t decade, the developm ent of high 
speed digital com puters has facilita ted  the analytical solution of power system s, 
and consequently, com prehensive d igital com puter program s have been 
developed21^’ 21^ ’ 22 :^ the p resen t study extends this work.
3 .1  Synchronous Machine R epresentation
In com prehensive stability  studies of power system s, the
synchronous machine has been generally  rep resen ted  in 2-axis form , as
214shown in Figure 3 .1 . The machine equations have been derived 
basis  of the following assum ptions:-
on the
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(a) The transformatory terms in the machine equations are 
ignored. (This is equivalent to neglect of d. c. 
components of the machine currents which are taken into 
account by the braking torques).
(b) Amortisseur currents are neglected in the voltage equations. 
(Thp amortisseur currents are indirectly included in the 
machine damping).
(c) Unbalanced faults are represented by symmetrical component 
methods, and the machine equations represent positive phase 
sequence components only.
The set of equations for each machine in its own reference 
frame may be written in the form:-
e q
— E - T
q d <x d - x  )q
(3.1)
v d = d d R + a X Iq q
y
(3.2)
V
q “
E - R
q a
I -
q !d x d
(3.3)
Ef
q
s E - I
q d (Xd - x d> '
(3.4)
Ed
35 E + Id q (X< - xv (3.5)
The above representation of synchronous machines allows for 
saliency; the e. m. f. E has to be calculated during each time interval so 
that the e. m. f. behind the direct axis transient reactance may be treated as 
constant for the constant flux linkage assumption. The decay of flux linkages 
on both idirect and quadrature axes depends upon the transient open-circuit
field time constants, that is on Tf, and TT .do qo
Fig. 3.1 Synchronous machine phasor diagram.
dE'q -
(V - EJ f , ,. q' (3.6)
dt T do
dE\
d -
dt
Ed
T t
(3.7)
Where is the per unit exciter voltage. 
Electrical output of a single machine:-
Q
The equation of motion of the machine when damping and 
braking torques are neglected is
d2 6
77" f
Pe (3.8)
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In the case of m ulti-m achine system s, 
y  2 " F F
P . = Qj C o s e . .  - 2 .  Qj Qk Cos (6 . -  6, + 0 ) 
ej ------ 33 k=l — ^ ------  3 k jk
jk
j t  k (3.9)
w here Z.. includes the reactance X . 
jk  q
E n E
And I , .  Qj c . Q T, Qk Ä Ä xdj = —  Sin 0 -  *  —  Sin (6 -  6k + 0 )
3J Jk
j + k (3. 10)
From  the phasor d iagram  of figure 3.1 ,
E = E ’ . + I , .  (X . -  X ’ .)
Qj qj dj qj dj'
(3.11)
By substituting equation (3.10) in (3.11), 
(X* -  X .)
E T . = (1 + ----- ^ S i n  6..) E
qj Z.. 3j Q3
n
E ^
k=l Qk
-   E_, ^ d j  Xqj^ Sin (6
Z. V v <3-12>
jk
j t  k
The se t of equations rep resen ted  by (3.12) can be conveniently 
w ritten  in m a trix  fo rm :-
E ’ , 1 * i i * E
ql 11 12 In Q l
E ’ K _ _ _ _ _ E
q2 21 Q2
E f
i 
i 
Wi i i
1 
1 
W
E^
qnj nl  nn _ Qn_
(3.13)
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pc’ -  X )
W h ere  K = j  + _ 4 L _ -----31 sin e .
JJ \ i  JJ
(X' -  X .)
and K.. = -  ----- ---------äL sin ( 6 .  -  6 + 6 )jk  Z J k jk '
j ^ k
From  equation (3. 13),
(3.14)
The m a trix  can be inverted  to obtain the instantaneous values
of E , which is to be used in equation (3.9) to give the e lec trica l outputs.
Qj
The driving point and tra n s fe r  im pedances can be conveniently 
de term ined  by a digital com puter for a ll the m achines by carry ing  out a load 
flow study fo r the system  in the p resence  of the machine concerned, when all 
the o ther m achines a re  replaced by th e ir  quadratu re  axis satu rated  reactances, 
and by employing the definitions of Z.. and Z., as outlined in ref. (195).
3. 1. 1 M achine Saturation
The procedure adopted here  involves a co rrec tio n  of the flux 
229linkages within the machine . The method is approxim ate because it is
assum ed that the flux linkage is known fo r the s ta to r  c ircu its  only and is taken
as zero  fo r  the ro to r c ircu its . This approach tends to indicate a higher degree
of ro to r  sa tu ra tion  than would actually ex ist, but has the advantage that it reduces
to the method fo r satu ration  co rrec tio n  in the A. I. E„ E. te s t code for synchronous 
107
m achines
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The following assumptions are employed: -
(a) The difference in reluctances of the direct and quadrature axes 
paths is due only to difference in the length of the air gap in 
each axis.
(b) The degree of saturation in an axis is proportional to the 
components of the voltage behind the Potier reactance.
This saturation level exists for all rotor and stator circuits 
in that axis.
(c) The distortion of any air gap flux waves does not change the 
unsaturated inductance values or destroy the sinusoidal 
variations assumed for rotor and stator inductances.
The saturation factor at any specified voltage for the direct or
quadrature axis, K, or K , is defined as:- d q
Field current to give that voltage on the magnetisation curve 
Field current to give that voltage on the air gap line
The direct axis saturation factor may be obtained directly from 
the machine open circuit characteristic corresponding to the value of the 
quadrature axis component of the Potier voltage, or at:-
V = V + R I + I , X
qp q a q d p (3.15)
and K = f  (V ) d J qp (3.16)
and, as a consequence of the first assumption, the value of the quadrature axis 
saturation factor may also be obtained from the same open circuit characteristic, 
by multiplying the value found at the direct axis component of Potier voltage by 
the ratio X /X ,.
q d
Then V , + R d a rd - X Ip q
(3. 17)
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and \  = t  ■ $  <v dP>
(3.18)
It is  assum ed that the linkages of the d irec t and quadrature 
axes a re  com posed of two p a rts ; one due to mutual flux and the o ther due to 
leakage flux. The fo rm er is subjected to satu ration  and the la tte r  is not. 
Then the machine per unit equations a re  modified a s :-
V
q
XJ -  X
R I - d -  P + X 1a q L  1 + Kd p -1
X -  X
R I ,  + _J2L_ P + x  1a d L 1 + K P J
q
E’
q
E
q
Xj -  X'(_iL_—~iL) i 
V 1 + K , d
E d
X - xq____
1 + K 4 )
q
i
q
dE'
___a
dt (1 + K ) E )d q
dE' d
dt
-1
T ’
qo
(1 + K ) E q d
(3.19)
(3.20)
(3.21) 
(3. 22)
(3.23) 
(3. 24)
The above equations (3. 19 to 3.24) have been used in the phasor 
d iag ram  shown in figure (3. 2) rep resen ting  m achine behaviour at some specific 
tim e.
The equations (3. 19 to 3.24) reduce to equations (3.3 to 3.7) if
sa tu ra tion  is  neglected; that is if K _ = K = o.d q
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V = ( 1 + K ) E
Fig. 3. 2 Phasor diagram of a saturated synchronous 
machine in the transient state.
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The satu ration  curve derived from  an open c ircu it ch arac te ris tic
214can be conveniently rep resen ted  by polynom ials to evaluate (1 + K^) and
(1 + K ) d irec tly  fo r given components of P o tie r  voltage on the d irec t and 
Q.
quadrature  axes.
3 .1 .2  Automatic Voltage Regulator
176It has been dem onstrated  that the p resence  of high speed,
continuously acting voltage regu la to rs  im proves the s tead y -s ta te  and transien t
stability  lim its  of a synchronous machine. The rep resen ta tion  of voltage
regu la to r effects is p a rticu la rly  im portant in single machine studies where
optimum evaluation of the various p a ram e te rs  is  desired  but, in m ulti-m achine
studies, considerable sim plification can be made in represen tation , while
214preserv ing  the sam e overa ll effect . As an example of p rac tica l operation,
te s ts  on a p a rtic u la r  power system  indicated that norm al voltage regu lato r
adjustm ent was such as to ju st overcom e the flux decay in the synchronous
198m achines during d istu rbed  conditions
The d e ta ils  of high speed voltage regu la to rs  in general follow 
a common pa tte rn , consisting  of one o r m ore stages of power am plification, 
preceded by one o r  m ore s tages of magnetic am plifiers, before being fed to 
the main exciter. In addition to this forw ard loop, various feedback signals 
a re  used for s tab ilising  purposes. These elem ents may be rep resen ted  by 
sim ple gains and tim e constants; a typical system  is shown in figure 3. 3(a) 
Many of the tim e constants a re  very sm all and the sam e form  of response can 
be obtained by the sim plified  system  shown in figure 3.3(b).
There a re  lim its  im posed on the maximum output voltage of 
the main ex c ite r and, in m ost designs, the input m agnetic am plifier has 
input lim its set by the satu ration  of the iron. A typical step response on 
open c ircu it is shown in figure 3. 3(c).
214
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E xciterE r ro rD etector Amplidyne
Feed back 
loop
Feed back 
loop
Input
Magnetic
A m plifier
Fig. 3 .3(a) Typical voltage reg u la to r block diagram .
Input
lim its
Output
lim its
Fig. 3. 3(b) Reduced voltage regu la to r block diagram .
Forw ard loop.
---- With feed back.
Fig. 3 .3(c) Voltage regu la to r step response.
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F rom  the block diagram  in figure 3. 3(b),
V,f (3. 25)
Vs (3.26)
1 + pT s
The exam ple worked out in section (5.1. 2. 2) indicates that a
conventional voltage regu lato r which is  sensitive only to te rm inal voltage is 
not suitable for m achine no. 3, because during the d isturbance the ra ised  
m achine voltage w ill prom ote deceleration, w hereas if the voltage regu la to r 
happens to be sensitive  to instantaneous speed changes, then the perform ance 
of m achine no. 3 might have been improved; this exam ple d ic ta tes that the 
voltage regu la to rs  should also be sensitive to speed changes (this trend is 
noted in la te s t developm ents251).
3 . 1 . 3  Speed Governor
stab ility  stud ies. From  the control system  point of view, it  is  desirab le
that the c h a ra c te r is tic s  should be reduced to sim ple gains and tim e
constants fo r m athem atical analysis. The m echanism s and oil system s
appear to p o ssess m arked  dead band and tim e delay c h a rac te ris tic s , which
d ras tica lly  a lte r  the response in com parison with an idealised representation2'1
It has been considered  m ore appropriate  to rep re sen t the governing system  by
a gain, fixed to give the required  regulation, and by two tim e constants, one
for the m echanism , and one effective tim e constant fo r the flow of steam
173 199through the turbine, as th is is consistent with field tests  ’ and o ther 
183studies c a rr ie d  out There a re  lim its  imposed on the response of the
Speed governors a re  difficult to sim ulate in power system
governor by the fac t that both the steam  input and the governor travel can  
never becom e negative.
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The block diagram  is shown in figure 3 .4  and the equations 
governing perform ance are; -
K (P ö ) 
p = S. . 
os 1 + pT
g
P
os
1 + p T t
(3.27)
(3.28)
Fig. 3 .4  Block d iagram  of governor sim ulation.
3 .1 .4  T ransien t Torques
Under d isturbed conditions, the synchronous m achines move 
at speeds different from  nominal synchronous speed. This brings a rela tive 
speed between the synchronous m achine ro to rs  and the resu ltan t a ir  gap 
fluxes, which is responsib le fo r the p resence  of e. m. f ’s in the am o rtisseu r 
winding and ro to r body, causing an induction torque (which may be m otoring 
o r  generating depending upon w hether the resu ltan t a ir  gap flux leads or 
lags the ro to r respectively), to come into play as soon as the inscantaneous 
speed of the ro to r deviates from  that of the a ir  gap flux. In this situation, 
synchronous m achines develop various opposing torques (due to the in te r ­
action of ro to r and a ir  gap fluxes) in addition to e lec trica l output torque.
The torques which always oppose the d irection  of motion a re  called  the 
braking torques and the torque which depends upon e lectro -m echanical 
oscillations is  te rm ed  a damping torque. R eference 214 has indicated that 
m achine damping has a spectacu lar effect, while the regulating devices 
have com paratively  little  effect, w hereas re fe rence  163 indicates only a
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sm all machine damping effect in the p resence  of flux decay and re fe ren ces  
195, 224, also indicate only a slight im provem ent in transien t stab ility  lim it 
due to am o rtisseu r windings (a typical low res is tan ce  am o rtisseu r is stated  
to produce an im provem ent in power lim it of 2%).
3 .1 .4 .1  B raking Torques
In a synchronous machine, under s teady -sta te  conditions, the 
flux produced by the ro to r  m agnetising winding and that produced by the s ta to r 
cu rren ts  move sim ultaneously intact in the sam e d irec tion  a t synchronous 
speed with a fixed phase d ifference, depending upon the m achine excitation 
and the output as shown in figure 3 .5 . In o rd e r to overcom e e lec tro ­
m echanical oscilla tions, an am o rtis seu r winding is  provided on the ro to r 
in the form  of a sq u irre l cage. If, in som e m anner, a steady magnetic 
field is  introduced in the a i r  gap, the ro to r  s tru c tu re  moving at synchronous 
speed will have eddy c u rren ts  induced in its  iron, as well as an induction 
m otor torque induced in its a m o rtisseu r and m agnetising windings; th is is 
equivalent to an o rd inary  induction m otor at s tandstill with the supply 
switched on. The torques developed under these c ircum stances will always 
act in opposition to the d irec tion  of motion of the ro to r  and a re  called 
braking to rques. Such torques in p rac tice , ex ist only under fault conditions, 
and a re  of two types:-
(a) D irec t-C u rren t Braking -  A fault close to the
synchronous machine gives r is e  to a rapidly
decaying d irec t cu rren t component in the s ta to r
winding, which has been confirm ed by p rac tica l 
198
te s ts  . The s ta to r  re s is tan ce  lo sses  due to 
th is d irec t cu rren t and the in teraction  of the d. c. 
flux with the ro to r windings produce a braking
40
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Fig. 3. 5 One pole of a salient-pole synchronous machine 
with damper winding indicating the relative 
positions of stator flux ( 4> ) and rotor flux ($  )*
S
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torque in the synchronous machine, which has
229been rep resen ted  by the equation ,
P Dd 3 R ± ) (3. 29)
This re la tion  can be used to c o rre c t the nett 
accelerating  power of the synchronous m achine.
(b) Negative-Sequence Braking -  In the p resence  of 
asym m etrica l faults, such as single line to ground, 
double line to ground, line to line, opening of single 
and double lines, th e re  ex ists  a negative sequence 
cu rren t which flows through the s ta to r conductors 
of the m achine, thus producing a m agnetic field in 
the a ir  gap, which moves at twice the synchronous 
speed with resp ec t to the ro to r windings. The in te r­
action of th is magnetic field with the ro to r windings and 
iron s tru c tu re , c re a te s  a torque which always tends 
to slow the m achine. This torque has been rep resen ted  
by the equation16^,
<R2 - *!>. (3.30)
and the nett out-of-balance power available for the 
synchronous m achine can be co rrec ted  accordingly.
3 .1 .4 . 2 Damping Torques
As pointed out e a r l ie r  in section (3. 1. 4), the damping torques 
in synchronous m achines a re  the outcome of the re la tive  speed between the 
ro to r and the resu ltan t flux in the a ir  gap. These torques play an im portant
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ro le  in  damping out osc illa tions . The re la tio n  to evaluate damping torque has
195
been de rived  fro m  P a rk ’ s equations , as w e ll as fro m  the view point of induction
. 163m o to r theory as,
(V-) (X 'd -  X "d )
(am ort) (X- + X J  (X» + X  ) „ d
—  ■ Sin2 6
(V )  (X -  X "  ) 
q q
(X + X  )(X " + X  )
q e q e
s 2—  Cos o (3.31)
where s
a
pe r un it s lip
d ire c t axis a m ortisseu r decrem ent fa c to r
(X' + X  )d e
(X’’ + X
d e
quadrature axis am o rtisse u r decrem ent fac to r
(X + X  ) 
q____ er
(X" + X  )
q e '
rpU
The damping torque coe ffic ien t fro m  equation (3.31),
dT
ds
2 2 
a s in  ö + b cos ö (3.32)
o r T a + b
D(ave)
(V ’) (X 'd -  X "d) ±
(X ’ + X ) ( X " , T  x ) *
d e ' d e d
w here a
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and b
( v f)2
<v
(X -  XM )q g
X ) (XM + X ) e q e '
1
aq
In the above, s tr ic tly  speaking, s should be the slip between
the resu ltan t a i r  gap flux and the ro to r, but the damping torque coefficient
has been modified with the d irec t and quadratu re  axes am o rtisseu r decrem ent
fac to rs , thus enabling us to use the slip  of the ro to r with resp ec t to the
infinite bus instead of the slip  with re sp ec t to the resu ltan t flux. In addition
to the above induction m otor torque, the re la tive  speed between the s ta to r flux
and the ro to r induces eddy cu rren ts  in the iron  s tru c tu re  of the ro to r, thus
195producing eddy cu rren t damping as confirm ed by actual te s ts  . B ahrali 
199and Adkin , have investigated such eddy cu rren t damping in synchronous 
m achines with the aid of operational im pedances and curves of m agnetisation 
fo r the m achines. F o r low er frequencies of oscillation, the B ahrali and Adkin 
re su lt reduces to C ra iy ’s form ula as in equation (3.32).
The trea tm en t of damping torques as p resen ted  by B ahrali and 
Adkin gives approxim ately the asynchronous torque, and this allows the 
derivation  of the overa ll damping coefficient from  the asynchronous 
to rq u e /sp eed  c h a ra c te r is tic s .
Then the damping torque = T ^  . s
w here s is the P . U. deviation in the speed of the synchronous machine.
F o r synchronous gen era to rs , s has been taken as positive when the machine 
experiences an induction gen era to r torque.
An extension of damping torque consideration to a m ulti-m achine 
system  has been made in refe rence  163 in which the infinite bus voltage is 
chosen to correspond  to the Thevenin 's equivalent e . m . f .  when the machine 
under consideration  is disconnected, w hereas the ex ternal reactance
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co rresponds to the sho rt c ircu it reactance (because the re s is tan ce  is usually 
sm all, and the instantaneous slip  of the m achine under consideration will be 
with re sp ec t to the instantaneous phase of the Thevenin equivalent e. m. f . ) .
224Hore , suggests the m easurem ent of s with re sp ec t to 
the term inal voltage, because, he argues, the machine views the whole 
netw ork from  its  te rm in a ls  - this procedure is quite tim e saving (but not 
p rec ise ). Hore concludes that the neglect of damping torques is safe 
because the damping contributed is positive (and of the o rd e r  of 1% im prove­
m ent in fault c learance  tim e).
The above considerations of damping torque w ill produce 
effects which always w ork only in the positive d irec tion  (and never in the 
negative d irection), w hether the synchronous machine is accelerating  o r  
decelerating , which does not correspond  to the situation in p rac tice , where 
the damping in fact can be positive o r  negative (as shown in Section 3.2.2) .
3.2 Behaviour Under D isturbed Conditions
Under d isturbed conditions, the various synchronous machine 
ro to rs  move at different instantaneous speeds with resp ec t to the steady- 
s ta te  synchronous speed, resu lting  in deviations in instantaneous frequency 
of the voltages and c u rre n ts  in the various p a rts  of the power system . The 
change in instantaneous speed b rings about: -
(a) A change in the kinetic energy sto red  in the synchronous 
m achine ro tating p a rts .
(b) A change in machine e. m. f 's  depending upon the type of 
excitation system .
(c) A change in the synchronous m achine reactance.
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(d) A re la tive  speed between the ro to rs  of the synchronous m achines 
and the ir resu ltan t a i r  gap fluxes.
(e) P rim e M over Damping : the inherent p rim e m over torque-speed 
ch a rac te ris tic  with constant valve opening causes positive damping 
as a re su lt of change in shaft torque consequent on a change in 
speed. This effect is le ss  than that produced by the am o rtisseu r 
damping windings and is  accordingly considered as having 
re la tive ly  sm all significance on the first-sw ing  tran sien t stability  
lim its  (reference 195, C hapter 7).
3 .2 .1  C onsideration of Instantaneous Frequency Effects
As pointed out above, the p rim e  m over damping has rela tively  
sm all significance during the first-sw ing  tran sien t stability  periods, and will 
not be considered here . The effects (a) to (c) have been h itherto  neglected - 
these will be tre a ted  in detail in the next sections. Effect (d) has been 
inco rrec tly  rep resen ted  in the past, and is  considered in Section (3 .2 .2 ).
3 .2 .1 .1  Representation of Angular Momentum
T ransien t stab ility  calculations take account of angular
momentum usually through a Stored Energy F actor, H, given by:-
H 5.48 x 10 ^ J n ^—----- --—1 -  kW - secs/kVA
p
kVA
(3.34)
P,kVA Ho r som etim es through a Factor, Mo 180 f (3.35)o
C learly , M depends on the machine instantaneous ro to r angular velocity 
(or instantaneous frequency) and, fo r a given machine, may be expressed :-
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M
o r M
K . fr
fo
(3. 36)
A ccurate rep resen ta tio n  of angular momentum effects therefo re  re q u ire s  
appropria te  m odification of M in the step by step calculations to take account 
of instantaneous frequency in the m anner suggested by Equation (3. 36).
3 .2 .1 . 2 R epresentation of Machine e, m. f .
The synchronous m achine e . m . f .  depends upon the instantaneous 
ro to r speed, and for a separa te ly  excited a lte rn a to r (i .e.  the m ain ex c ite r not 
driven by the m ain a lte rn a to r shaft), the instantaneous e. m. f. induced is 
d irec tly  p roportional to the instantaneous speed of the machine ro to r, w hereas 
in the case  w here the main ex c ite r is  common shaft driven, the a lte rn a to r 
e . m . f .  induced w ill be approxim ately proportional to the square of the ro to r 
instantaneous speed. P re se n t day high output m achines on power system s do 
not usually employ common shaft driven ex c ite rs  due to com m utator problem s, 
and for these m achines, the instantaneous machine e. m. f .  is  given by,
E f mo m (3. 37)
3 . 2 . 1 . 3  R epresentation of Machine Reactance
R eactances of synchronous m achines a re  norm ally specified  at 
system  nom inal frequency, but th e ir  actual instantaneous values depend upon 
the instantaneous frequency of the m achine cu rren t, which, during tran s ien t 
d istu rbances, dev iates from  that of the m achine e. m. f . a s  shown in figure 
3 .6(c). The instantaneous frequencies of the s ta to r c u rre n ts  can be equal 
to those of the e. m . f ’s only when there  is a very  c lose sym m etrical fault 
(see Section 3 .2 .2) .  The instantaneous values of a ll m achine reac tan ces  a re
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d ire c tly  proportional to the s ta to r cu rren t instantaneous frequency, but th e ir 
considera tion  involves considerable increase  in computing tim e with negligible 
o v era ll benefit (as d iscussed in Section 3. 2. 1 .6 , and illu s tra ted  in fig u re3 .6 (b )).
3 . 2 . 1 . 4  Representation of Unit T ran sfo rm ers
Unit tran sfo rm ers  have previously  been considered by th e ir
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equivalent im pedances a t system  nominal frequency. A recen t rep o rt on 
dam ages caused by overfluxing the unit tran sfo rm ers  under various conditions 
of operation suggests that the machine term inal voltage should not exceed m ore 
than 105%of the ra ted  value, otherw ise th e re  w ill be perm anent damage to the 
tra n s fo rm e r due to excessive eddy cu rren ts  in the iron co re , winding conductors 
and the s tee l s tru c tu re . (This 5% over-excitation is  according to the design 
specifications fo r power tran sfo rm ers  (ASA standard  C57.12-00. 400 (1958))).
In the p re sen t studies, as the adjustm ent of the automatic voltage regu lato r 
gain is  such as ju s t to overcom e the flux decay under d isturbed conditions, 
th e re  w ill be no possib ility  of over-excitation, and therefo re  the tran sfo rm er 
rep resen ta tio n  by an equivalent impedance at the instantaneous frequency of 
the c u rre n t passing  through it w ill be adequate.
In the case  w here there is in fact over-excitation of the unit 
tra n s fo rm e rs  under d isturbed conditions, the ir leakage reactance will 
in c rease , with the consequent appearance of a shunt load due to excessive 
eddy c u rre n ts . This m a tte r c learly  requ ires  fu rth e r study before accurate  
rep resen ta tio n s  of the effects can be achieved.
3 . 2 . 1 . 5  P rocedure for T ransient Stability Calculations
The following procedure sa tisfies  the requ irem en ts of the p resen t 
method, providing swing curves and other relevant inform ation:-
(1) Form  the adm ittance m atrix  for the en tire  power system  at 
system  nominal frequency fo r load flow studies.
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(2) D eterm ine the overall power balance for the system .
(3) Replace all the loads by th e ir  shunt adm ittances.
(4) Apply the appropria te  disturbance.
(5) D eterm ine the driving point and tra n s fe r  adm ittances fo r  the various 
m achines.
(6) D eterm ine the new angular positions of the various synchronous 
m achines by solving th e ir d ifferential equations.
(7) D eterm ine the instantaneous frequency fo r all the m achines a s ,
ö 1 _ <5*
„ i m om . „_ -----------------------  + f
m 2 tt • A t o
(8) Modify the instantaneous frequency by an accelerating  fac to r as,
f * = f *  ^ + ( f i - f * "*" ) x A ccelerating  fac to rm m m m
(9) Modify the e . m . f ' s .  of the synchronous m achines as,
E x f * i mo mE -  -----------------------m fo
(10) Calculate the instantaneous angular m om entum s as,
f 1
M 1 = M • — 2 2 -
m om f o
(11) Modify the machine reactances fo r the instantaneous frequency.
(12) Form  the new adm ittance m atrix  fo r the en tire  system  at the cu rren t 
values of instantaneous frequency, adjusting machine reac tan ces  
appropriately .
(13) D eterm ine the new driving point and tra n s fe r  adm ittances for the 
various m achines.
(14) D eterm ine the new angular positions of the various synchronous
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machines by solving th e ir  d ifferen tia l equations.
(15) T est fo r convergence,
—6(a) instantaneous frequency should be within (say) 10 cycles.
(b) instantaneous machine power angles to be within (say)
_3
10 degrees.
If the te s ts  a re  not satisfied , go to step (7) and recycle .
(16) W rite the required  quantities.
Solution proceeds iteratively . An accelerating  fac to r of 1.35 
has been found suitable fo r operation (8), giving convergence to within the 
to lerances of operation (15) in 6 to 7 ite ra tio n s . It may be noted that sm a lle r 
values of accelerating  factor produce too slow a convergence, while la rg e r  
values produce overco rrec tions, leading to instab ility  of the solution. A tim e 
in terval fo r each step, At = 0. 05 sec. has been found suitable (as in the 
case of the usual transien t stability  calculations).
3 . 2 . 1 . 6  Problem  Illustra ting  Instantaneous Frequency Effects 
In o rd er to highlight the frequency-dependent effects of the 
synchronous m achines, a 4-m achine problem , figure 3. 6(a)* (based on an
* Note. This problem  is  basically  the sam e as an example presented  in
re fe ren ce  195, except that H fac to rs  of the synchronous m achines have 
been modified to correspond m ore c losely  to those of m odern machines. 
In addition, the load at bus 7 rem ains of constant configuration, w hereas 
in the original case  a section of it (0.153 P . U. at unity power factor) 
was disconnected with occurrence of the fault.
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exam ple from  ref. 195) has been chosen to illu s tra te  the magnitude and 
significance of the effects introduced herein . The tran sm issio n  network 
and the system  loads a re  in this case  rep resen ted  at system  nom inal 
frequency. A 3-phase fault is  applied on the line connecting buses 10 and 
11, close to bus 11; b reak e r 1 d isconnects this line from  bus 11, and 
subsequently, the fault is  c leared  com pletely by b reak er 2 isolating the 
faulty line.
F u rth er inform ation re la ting  to the illu s tra tiv e  problem  
shown in figure 3. 6(a) is given in Table I, and figure 3.7 indicates the 
sa tu ra tion  curve which has been approxim ated by a third degree Polynom ial 
fo r a ll the synchronous m achines in the system .
TABLE I
D etails fo r Figure 3.6(a)
Machine
Saturated
Synchronous
Reactance
(Xd)
(P .U .)
P o tie r  Reactance 
= D irect Axis 
T ransien t 
Reactance (Xdr) 
(P .U .)
D irec t Axis 
Open C ircu it 
F ield  T im e 
Constant 
(seconds)
Voltage R egulator 
C ha rac te r  is tic s *
(C onventional, 
Continuously Acting)
1 1 . 0 0.13 7 .5 Exponential Response 
Voltage Gain = 20
2 1. 8 0.28 7 .5 Total Excitation Time
3 1.8 0.259 7 .5 Constant = 0 .5  secs. 
(E xciter + Main
4 0. 95 0. 15 7 .5 G enerato r Field winding).
The m achines have no tran s ien t saliency (that is , X T is taken as equal to X'^).
Q.
* Voltage regu la to r gain fo r each machine has been adjusted so as just to over­
com e changes in e. m. f. due to flux decay, in conform ity with reasonable 
p rac tice  (as, fo r exam ple, suggested in Ref. 198).
51
Selected significant results are shown plotted in figures 3 .6(b), 
(c), (d) and (e). In all of the above cases, the transmission networks and loads 
have been considered at system nominal frequency for reasons outlined above.
For the purposes of comparison, swing curves have been obtained 
for the different methods of representation of the synchronous machines as out­
lined in Table II.
TABLE II
Methods Employed in Representing Synchronous 
Machines
Type of Synchronous Calculation Timein minutes using an
Machine Representation IBM 360/50 Computer
(i) e.m .f. behind transient reactance (using standard
195. 0.4procedure of long standing w )
(ii) as for (i), plus variations of "M" with instantaneous 
frequency
(iii) as for (i), plus variations of machine e.m.f. with 
instantaneous frequency
(iv) as for (i), plus variations of machine reactance with 
instantaneous frequency
(v) as for (i), plus variations of "M" and machine e. m. f.
with instantaneous frequency 
(vi) as for (i), plus variations of "M", machine e. m. f.
and reactance with instantaneous frequency 
(vii) inclusion of voltage regulator, saturation and flux
decay effects (without transient frequency considerations) 0. 7 
(viii) as for (vii), plus variations of "M" and machine
e.m .f. with instantaneous frequency 0.8
(ix) as for (vii), plus variations of "M", machine e.m .f.
and reactance with instantaneous frequency 6. 3
0 . 6
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Fig. 3. 6(a) Line diagram on 100 MVA 
base of 4-machine power 
system for illustrating  
stability calculations.
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Fig. 3. 6(b) R e lative swing curves w ith  respect to machine 1 fo r  a near unstable 
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Fig. 3.6(c) Instantaneous frequency a t specified points in the system  with 
the m ost detailed representation  of the synchronous machines. 
(Total fault c learance tim e =270 m s e c .) .
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F ig. 3. 6(d) Voltage va ria tio ns  at bus no. 10. (Total fa u lt c learance tim e 
=  270 m s e c .).
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Fig. 3.6(e) Relative swing curves with respect to machine 1 for stable 
conditions when total fault clearance time is 258 m sec.
---------------with e.m .f. behind transient reactance.
--------------- " " " " " + variation of E & M with f.
------  ------ " voltage regulator, saturation and flux decay.
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Fie;. 3. 7 Saturation curve  fo r  synchronous m achine.
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3.2.2 Treatment of Damping Torques
Figure (3. 8b) indicates the phasor diagram for the system
shown in Figure (3. 8a), just after a 3-phase symmetrical fault. The flux
produced by the stator current will be in phase with the stator current, and
consequently the resultant air-gap flux can be evaluated and positioned with
respect to reference phasor Vf. The instantaneous position of the rotor
conductors can be conveniently referenced by the e. m. f. phasor E ,
Q
because the direct axis of the rotor is always 90° ahead of quadrature
axis, indicated by E (e. m. f. behind the quadrature axis reactance).
'qj
During the disturbance period, the phasor E swings forward or backward,
depending upon the nett out of balance power available to the synchronous
machine. The current I will follow the phasor E ; it may follow at theQ
same angular velocity (above or below the synchronous speed) at which 
E~ is moving, or it may follow at an angular velocity above or below that of 
E . The damping power will depend on the relative speed between the 
phasors E and $ and not on the slip of phasor E with respect to the 
infinite bus voltage phasor Vf, as has been used in references 214 and 
229. The resultant air-gap flux can conveniently be evaluated as the 
P.U. e. m. f. behind the Potier reactance (X )^ of the machine. The situation 
in the following cases is considered:-
(a) During the Fault Period
During this period there will be a d. c. rapidly decaying
component if the fault is very close to the machine and is symmetrical. This
229can be handled conveniently as explained in Section (3.1.4.1). The 
current I phasor, which is responsible in changing the phase difference 
between E and 4», follows the E phasor at the same speed and consequently 
there will be no damping torque of the type discussed in Section (3.1.4. 2),
except the d. c. braking.
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During asymmetrical faults, negative sequence braking
is present but the positive sequence current component will create damping
because it will not follow the phasor E at the same speed. Negative sequence
229 ^braking can be handled as explained in Section (3.1.4.1).
(b) After the Fault Clearance
During this period, the system is in a normal configuration 
but oscillatory; there will be no braking, and the damping torques present 
will damp out the oscillations if the system remains in step. The damping
torque is equal to where is the slope of the asynchronous
torque-slip characteristic of the synchronous machine under consideration,
and * is the phase difference between the phasors E and 4».
Q
In the case where the synchronous generator is accelerating, 
(that is the phasor E has higher instantaneous frequency than base frequency 
of the system, and consequently the phasor $ follows E ), if the phasor 4> moves 
at a higher instantaneous frequency than E^, then there will be negative damping, 
due to induction motor torque, whereas if phasor $ moves at a lower 
instantaneous frequency than E , then there will be positive damping due to 
induction generating torque as shown by the illustrative examples in Sections 
(3. 2. 2. 2 and 3. 2. 2. 3). For a decelerating synchronous generator, the 
generating torque developed due to the interaction of the resultant air-gap 
flux and rotor structure, will promote the deceleration, thus acting as
* is equal to P..U. asynchronous torque/P. U. .slip, and is used as a 
damping coefficient in the proposed approach to consider synchronous 
machine damping while employing the rotor slip w. r. t. the resultant air- 
gap flux <fr, whereas is the damping coefficient for the existing approach 
when the rotor slip used is w. r.t. the infinite bus voltage.
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negative damping, w hereas the m otoring torque w ill act as positive damping 
under these c ircum stances.
3 .2 . 2 .1  T ransien t Stability Calculation P rocedure  to Include
Damping
(a) Form  the adm ittance m atrix  fo r the en tire  system  at system  
nom inal frequency fo r load flow studies.
(b) D eterm ine the overall power balance fo r the system  and 
the re su ltan t a ir-g ap  fluxes fo r all the synchronous 
m achines quantitatively.
(c) Apply the appropria te  d isturbance.
(d) D eterm ine the driving point and tra n s fe r  adm ittances fo r 
the various m achines.
(e) D eterm ine the resu ltan t a ir-g ap  fluxes fo r all the synchronous 
m achines both in magnitude and phase.
(f) D eterm ine the d ire c t c u rre n t components and the negative 
phase sequence cu rren t components fo r all the synchronous 
m achines a t the beginning of the tim e interval " A t” .
(g) C alculate the new angular positions of the various 
synchronous m achines by solving th e ir  d ifferential 
equations.
(h) D eterm ine the m achine cu rre n ts , such as d . c .  component, 
negative and positive phase sequence in magnitude and 
phase.
(i) C alculate the resu ltan t a ir-g ap  fluxes both in magnitude 
and phase.
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(j) Determine the instantaneous frequencies of the e. m. ffs. 
E and of resultant air-gap fluxes "$", as
0 - 0 oss
2F A t
%
6 - 6
o
2TT At
(k) Determine the average frequencies of E and $ during 
the time interval "At".
(f) Determine the slip between E and <£.
(m) Determine the average damping powers during the time 
interval "At",
2
Kd . S f average magnitude of $ during A 11 «- normal magnitude of <f> x P . U. speed.
(n) Determine the average braking powers during the time 
interval "At".
(o) Determine the nett out-of-balance power available to the 
various synchronous machines.
(p) Determine the new angular positions for the synchronous 
machines by solving their differential equations.
(q) Test for convergence of instantaneous machine power
-3angles to be within (say) 10 of a degree. If the test 
is not satisfied, go to step (h) and repeat.
(r) Write the various quantities.
The solution proceeds iteratively.
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3. 2. 2. 2 Single - Machine Study
The line diagram for a single-machine supplying an infinite
bus is shown in Figure (3. 8a). The constants used for this machine are those
of a 9 MVA, 13. 8 KV, salient pole synchronous machine reported in reference
195, for which the damping coefficient has been determined by field tests.
Figure (3. 9) indicates the instantaneous frequency of the phasors E and the
Q
resultant flux for a case which is assessed as unstable when damping is 
ignored, but which becomes stable in the presence of damping, as shown in 
Figure (3 .12b). From the instantaneous slip variations of the phasor E , 
shown in Figure (3.10), it is obvious that the damping is always positive 
during the fault, when the machine accelerates, both for rotor slip 
considerations with respect to the infinite bus voltage and machine terminal 
voltage (V), whereas Figure <3. 9) indicates that the damping is positive up to 
the point F, (because up to this point, the machine develops extra generating 
torque due to the slip speed between E and $), but after the point F, the
Q
damping in fact becomes negative, as shown by the instantaneous slip between 
the resultant flux and the rotor in Figure (3.11). This negative damping 
continues until the fault is cleared and the machine starts decelerating.
In these calculations, a figure of = 250 has been used, based on 
asynchronous torque-slip characteristics which have been determined 
experimentally, for example, in Reference 192, which gives the slope as 
1. 0 P. U. power output/0. 004 P. U. slip, i, e. = 250.
Figures (3. 12) (a andb) indicate, the swing curves obtained 
under different conditions: during the fault, the reduced Thevenin’s 
equivalent e. m. f. available to the machine provides very little damping 
when considered with respect to the synchronous speed, whereas consideration 
of damping with respect to the resultant air-gap flux indicates a relatively 
larger effect. The consideration of damping with respect to the instantaneous
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1 + j0
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X ,’ = 0.26
T, « 10 Sec. do
Td = 5.6 P. U. /P . U. Slip
X. -  1. 1 P. u. d
X as 0. 524 "
q
Fig. 3. 8(a) Line diagram for single
machine transient stability 
study.
Fig. 3. 8(b) Phasor diagram for the synchronous 
machine of Fig. 3. 8(a).
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Fig. 3 . 9 Instantaneous frequencies for the case shown in Fig.5.12 (b \
Frequency of (voltage behind X^)
" " (p (resultant a ir  gap flux).
" " Vt  (M/c term inal voltage).
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Fig. 3. 10 Instantaneous slip of rotor.
✓
----------------with respect to infinite bus V.
--------------- " " " m /c  terminal voltage
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F ig . 3. 11 Instantaneous s lip  o f  r o to r  w ith  resp e c t to  re s u lta n t a i r  gap f lu x , i.e.<£>
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Fig 3. 12(a) Swing curves for synchronous machine of Fig.5.8(<*)^ 
stable when damping is neglected).
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»r
*
*
<
68
(v 100
<  60
--------FAULT ON — FAULT CLEARED
— .....— TIME IN SEC
Fig. 3. 12(b) Swing curves fo r synchronous machine of Fig.3SK®) P lea se  which 
is unstable wlien damping is neglectedj.
------------------ with no damping.
---------------— " damping when rotor slip used is w. r. t.
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te rm inal voltage as suggested in R eference 224, indicates only a very  sm all 
effect as shown in F igure (3.12) (a and b).
3. 2. 2. 3 M ulti-M achine Study
In this case, the Thevenin 's equivalent e. m. f ’s m ust be
determ ined in both magnitude and phase during each in terval when using the 
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existing methods of calculation . As shown in Section 3. 1. 4. 2, the damping 
torque is proportional to the square of the voltage of the infinite bus, and 
also as reported  in R eference 192, the asynchronous output power v a rie s  
d irec tly  with the square  of the term inal voltage, but the method presented  
here considers the asynchronous torque as being proportional to the square 
of the instantaneous resu ltan t a ir-g ap  flux.
In o rd e r  to illu s tra te  the inherent differences between the 
proposed and existing methods of treating  damping, a 4-m achine problem  
based on an example in Reference 195, (line d iagram  shown in Fig. (3.6a)), 
is p resented . In o rd er to illu s tra te  the effect of tran sien t saliency, the appropri­
ate p a ram ete rs  have been included in the problem  of Fig. 3. 6(a), as given in 
Table III.
TABLE III D etails for F igure (3.6a)
69
Machine
Saturated
Synchronous
Reactance
P o tie r Reactance 
= D irec t Axis 
T ransien t
D irect Axis 
Open C ircuit 
F ield Tim e R em arks
Xd(P .U .) X (P. U .)
q
Reactance 
x 'd (P .U .)
Constant
Secs.
1 0.6 0. 13 0.09 7.5 Voltage
2 1.5 0.28 0.2 7. 5 regu lato r gain = 20.
3 1 . 0 0.259 0.18 7 .5 Total excitation 
tim e constant4 0. 6 0. 15 0 . 1 7 .5 = 0 .5  sec.
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The damping coefficient used has been taken as 10, as 
rep o rted  in R eference 198, w hereas is the sam e as for a single machine 
study, that is, 250. The system  has been investigated for conditions close to 
in stab ility , but in fact rem ain s  stable. F igures (3.13) (a, b, c and d) indicate 
the instantaneous frequencies of En , resu ltan t flux,and of Thevenin's equivalent
H
e. m . f . , and Figure (3. 14) indicates the swing curves fo r all the four m achines 
under the following conditions :-  without damping; damping a sse ssed  by an 
ex isting  method; and damping calculated by the proposed method. The fault 
is  a sy m m etrica l 3-phase fault, on one line of the tw o-circu it line between 
nodes 10, 11 (Figure (3. 6 a )), rem aining on fo r 123 m s e c . , then b reak er 1 
tr ip s ; a fte r 246 m s e c s . , the fault is com pletely c leared  by rem oving the 
faulty line.
F rom  the calculated re su lts  shown in F igures (3 .13)(a-d), 
considering  the synchronous m achines individually: -
M achine No. 1 -  Has negative damping up to the point F^ and subsequently
positive, when the ro to r slip  is taken with resp ec t to the 
Thevenin 's equivalent e. m. f . , w hereas the machine 
experiences negative damping up to F only, and positive 
subsequently when the ro to r slip  is considered with respec t 
to the resu ltan t a ir-gap  flux.
Machine No. 2 -  Indicates positive damping during the decelerating  period,
and negative, a fte r the fault has been com pletely cleared, up to 
the point F , when the slip  is considered with re sp ec t to the 
Thevenin 's equivalent e. m. f . ; w hereas the m achine has 
positive damping during the fault period and negative a fte r 
the fault has been cleared  up to the point F^, when the slip  
is  taken with re sp ec t to the resu ltan t a ir-g ap  flux.
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FAULT CLEAREDr - B ,  OFFFAULT ON
lu SO-S
TIME IN SEC
Fig. 3. 13(a) Instantaneous f requencies  of E ^ ,  ^  , and Thevenin 's  equivalent 
e . m . f .  for machine no. 1.
------------------ Frequency of
............................. —  M M
Thevenin 's  equivalent e. m. f.
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fault/  c l e a r e db . OFF■FAULT ON
TIME IN SEC
Fig. 3. 13(b) Instantaneous frequencies of , and Thevenin's equivalent
e . m. f .  for machine no. 2.
------------------Frequency of
----------------------------------  M f t  <p
" " Thevenin's equivalent e. m. f.
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Machine No. 3 - Experiences positive damping throughout, up to the
point F_ when the machine decelerates during the fault,5
and accelerates after fault clearance if the slip is considered 
with respect to the resultant air-gap flux; whereas the rotor 
slip with respect to the Thevenin’s equivalent e. m. f. indicates 
positive damping during the fault and negative after fault 
clearance up to the point Fg, and then again positive.
Machine No. 4 - Has positive damping during the fault and subsequently
negative up to the point F^, when the rotor slip is considered
with respect to the Thevenin's equivalent e .m .f.; whereas
the machine has positive damping during the fault and
negative subsequently, up to the point F , and then again
o
positive, when the rotor slip is considered with respect to 
the resultant air-gap flux.
3.2.2.4 Availability of Relevant Data
The method of treatment of damping forces as employed in
Section (3.2.2) involves an approximation in deriving the coefficient "K^"
(which depends on the asynchronous characteristics of the various synchronous
machines) due to lack of specific information about each synchronous generator,
The value of = 250 is based on the assumption that the machine or the
equivalent machine representing a group of synchronous generators, will
run at a slip of 0. 4% if it is to be run as an asynchronous machine - this
192average value has been assessed from the meagre literature available 
The asynchronous characteristics of course differ for different capacity 
machines, and a more accurate way to assess for a group of machines
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r---- FAULT c l e a re d0 ,  OFF ~FAULT ON
0 )
TIME IN SEC
Fig. 3. 13(c) Instantaneous f requeueies of Fq , £ ,  ttiul Thevenin's equivalent 
tv m. f. for machine no. 3.
------------------- Frequency of Kq
—  - ........... ■ ■ -  ■■ t !  I I  ^
-------------------- ii ii ThcvtMiin'H tujulvnU'nt tv nt. (,
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Fault  c l e a r e dFAULT ON
0-3
♦  TIME IN SEC
Fig . 3. 13(d) In s ta n ta n eo u s  f re q u e n c ie s  of , and T h e v e n in 's  e q u iv a len t
e . m . f .  fo r  m ach in e  no. 4.
------------------ F re q u e n cy  of
- .................. ' ■ ? i  i t  <p
------------------  " "  T h e v e n in 's  eq u iv a len t e. m . f.
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z  50 M/C.l
---- FAULT CLEARGOfault on — — Bj off
TIME IN SEC.
M/C.2
M / C . 3
Fig. .'i. H  Swing curves lo r  a ll machines.
------------------ W ithout damping.
------------------- With " by the proposed method
------------------- "  "  "  "  ex is ting  "
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(represented by an equivalent machine), is to obtain the asynchronous 
characteristics of all machines and find the value of the equivalent slope 
of the total asynchronous characteristic, as has been employed for the 
treatment of induction motors in appendix (10. 5).
Although in the illustrative examples an average value 
has been used for K , the method for assessing the effects of damping 
torques is itself accurate in the presence of adequate information 
regarding asynchronous characteristics.
3.3 Discussion
3.3.1 Influence of e . m . f . , Stored Energy, and Internal Reactances
It is clear from the results of Figure (3. 6b) (supported by 
many other similar calculations) that as regards the relative importance 
of the effects on power system behaviour resulting from transient frequency 
considerations involving angular momentum, machine e. m. f ., and machine 
reactance, the most significant effect results from machine e. m. f . , with 
a somewhat smaller influence due to angular momentum. Changes in 
machine reactance with frequency in the above problem produce only very 
slight effects.
Compared with the influence of voltage regulators, saturation, 
transient saliency and flux decay on the performance of a synchronous machine, 
variation of instantaneous frequency produces a comparable influence only 
from variation in machine e.m.f .  It should be noted however, that the degree 
of influence of the respective factors affecting machine e . m . f . , apart from
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instan taneous frequency, w ill depend on the p ro p ertie s  and p a ram ete rs  of the 
m achine components, fo r exam ple, voltage regu la to r gain; o ther situations 
could, therefo re , a rise  in which the re la tive significance of the appropriate  
fac to rs  may be different from  the re su lts  recorded here.
From  Figure (3.6b), fo r a total fault c learance tim e of 270 
m illiseconds, the system  appears stable when instantaneous frequency is 
taken into consideration in the synchronous m achines (except when the influence 
of instantaneous frequency on "M" an d /o r machine reactance only is included) 
and unstable otherw ise, even when voltage regu la to r, saturation , and flux 
decay effects a re  included (without instantaneous frequency). For a stable 
case , w ith reasonable m argin of stability  as in F igure (3.6e), differences 
betw een the various m ethods of rep resen ta tion  a re  le ss  spec tacu la r but s till 
significant.
Com parison between the re su lts  based on the various rep re sen ta ­
tions w ill be made on:-
(1) Load changes d istribu ted  at the te rm ina ls  of a ll four 
m achines;*
and (2) Changes in fault c learance  tim e; 
to cause a given curve in Figure (3. 6b) to coincide with another. On the basis
of (1),
adding a total of 6 MW, causes the curve obtained by the 
inclusion of voltage regu la to r, satu ration  and flux decay 
effects (Table II, (vii)) to coincide substantially  with that 
corresponding to e . m . f .  behind transien t reactance 
(Table II, (i)). S im ilarly , adding a total of 12 MW, 
causes the curve of (v) o r (vi) to coincide with (i), and 
by adding 18 MW, (viii) o r (ix) coincides with (i).
* Total m achine term ina l loads = 215 MW.
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On the basis of (2),
increasing the fault clearance time by 5 milliseconds 
causes (vii) to coincide with (i); increasing fault clearance 
time by 12 milliseconds causes (v) or (vi) to coincide with 
(i), and increasing fault clearance time by 17 milliseconds 
causes (viii) or (ix) to coincide with (i)*
The voltage variations at bus 10 indicated in Figure (3.6d), 
throw further light on the differing degrees of stability calculated in the 
individual cases.
Instantaneous frequency variations at various points in the 
power system network for the conditions of (viii) or (ix) of Table II and 
Figure (3. 6b), are plotted in Figure (3. 6c). A maximum frequency deviation 
of approximately 1.6% is apparent for machine 3 (which in this case remains 
stable).
Table II records the respective calculation times taken for the 
various cases. It will be apparent that best returns on computing time are 
obtained for cases (v) and (viii). In view of the only relatively slight effect 
due to inclusion of variation of machine reactance with frequency, and the 
somewhat excessive computing time involved, there seems little justification 
for considering this effect in the present study.
With the representation of e.m.f.  behind transient reactance 
for transient stability studies during the first swing as comparison : Figure 
(3. 6b) shows this case to be calculated as unstable; adding the refinements of 
voltage regulator, saturation and flux decay effects still indicates an unstable 
system. On the other hand, adding, in either case, the refinement of instanta­
neous frequency dependence of machine e.m.f .  (with or without modification of 
angular momentum and machine reactance with frequency), indicates stability.
* That is , 6% increase required.
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Moreover, the marginal effects of the instantaneous frequency refinements are 
in this problem greater than those due to the inclusion of voltage regulator, 
saturation and flux decay; although this favourable balance may not be so great 
in other possible situations, it is considered that instantaneous frequency ef fects 
are worthy of inclusion in precise studies involving synchronous machines 
operating under transient conditions.
On the measure of magnitude of influence and computing time 
involved, incorporation of instantaneous frequency influence on angular momentum 
and machine e. m. f . seems justified in the representation of synchronous machines, 
but modification of machine reactance with frequency appears unwarranted because 
of its slight influence and comparatively excessive demand on computing time.
3.3.2 Influence of Transient Torques
Considering the single-machine problem, inclusion of damping 
when treated with respect to the infinite bus, as in the existing methods of 
calculation, gives an assessment of machine performance which differs from 
that obtained by the author's treatment. For example, fault clearance time 
increases from 27 0 m sec. when damping is ignored, to 275 m sec. when 
the damping is included by the existing methods; that i$ an increase of 
1 .85%. On the other hand, inclusion of damping with respect to the resultant 
air-gap flux gives a corresponding increase of 9.3%, which seems to be more 
reasonable in the light of qualitative discussions in the literature, for example, 
in References 163 and 195.
In the case of a multi-machine study, it is possible to have 
positive damping for some machines and negative damping for others at a 
particular instant as shown by Figures (3. 13) (a, b, c and d). It is just 
possible that the positive damping period of one machine may not be overlapped 
by the negative damping of the other; under such circumstances, the nett
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outcom e of damping does not seem  to be significant, but the cu rren t and 
voltage d istribu tion  w ill be different in the system . In the case  w here 
positive  damping periods o r negative damping periods may coincide, then 
the nett outcome w ill be quite significant as shown by the angular swings of 
the various synchronous m achines in Figure (3.14). Machine no. 1 has 
predom inantly  negative damping which overlaps partly  the negative damping 
experienced by machine no. 3 towards the end of fault c learance. Machine 
no. 4 being the la rg e s t in capacity  with a higher value of in ertia  factor, 
ind icates m ostly positive damping, thereby overcom ing the enhanced negative 
dam ping experienced by o ther sm all capacity m achines in the system . The 
o v e ra ll  positive damping under these c ircum stances ra ise s  the m argin  of 
s tab ility  by 10 MW, that is 3. 7% of the total system  output, and the fault 
c lea ran ce  tim e in c reases  from  270 to 280 m sec. when damping torques a re  
considered  with re sp ec t to the resu ltan t a i r  gap flux. On the o ther hand, 
damping, when considered with re sp ec t to the Thevenin’s equivalent e. m. f. 
has very sm all effect in th is exam ple, as shown in Fig. (3.14).
C onsidering the overall p ic tu re  of the instantaneous angular 
velocity  deviation effects on the perform ance of the synchronous generato rs, 
th e re  w ill always be a positive contribution*by the change in machine e. m. f. 
and angular momentum, which should be given due consideration in the light 
of the p re sen t trend  tow ards reduction in in ertia  constants and increase  in 
m achine na tu ra l re a c ta n c e s 200. The influence of transien t frequency 
varia tion  on the m achine reactance  seem s only sm all, however, and m o re­
o v er involves excessive computing tim e.
Synchronous machine damping plays an im portant ro le  during 
o sc illa to ry  conditions, and as it cannot be stated  with confidence w hether 
damping w ill be positive or negative, its  inclusion in tran sien t stability  
studies seem s essen tia l.
* That is ,  im provem ent of stability .
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4. TRANSMISSION NETWORK CONSIDERATIONS
In modern high voltage interconnected power systems, the 
transmission network has acquired prime importance in linking generation 
centres with distribution centres. These networks need special consideration 
for their precise representation in power system studies (for example, load 
flow studies for normal operations and stability studies under steady-state 
and abnormal conditions), because of the large phase difference between 
the sending end and receiving end voltages. From the view point of stability 
this phase difference is the limiting factor which sets the practicable upper 
limit of transmission line length. In recent years, this limiting factor has 
been extended in three ways:-
(a) Employment of series capacitors for high voltage transmission
lines at appropriate locations*3
(b) Tuned lines in which the electrical line length is made to be
more than its physical length; for example, more than half
220wave length, by employing timing circuits
(c) D. C. transmission lines which have zero synchronous length.
4.1 Transmission System Damping
As soon as the frequency in any part of a power system
network deviates from its steady-state value, damping forces come into
play. In the past, it has been assumed that these damping forces are
positive and improve stability, so that their neglect in calculations must
produce results which are safe. Positive damping forces have been used
in various refined computer programmes to date, but because of lack of
adequate data and suitable methods of approach, consideration has not been
thorough; for example, in one report, all damping forces have been lumped
219into a sysyem damping coefficient of ”2”
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It may be readily seen, however that damping can be negative
as well as positive. In Figure (4.1), a synchronous machine with e. m. f. 
acting behind the machine's transient reactance, supplies a constant impedance 
load, (for example, a pure resistance), through a series-compensated trans­
mission line of inductance L, with line resistance and charging capacitance 
neglected. C is a series compensating capacitor. A transient condition is  
created by changing load impedance (suddenly). Assuming the same instant­
aneous frequency for all branches and for all bus voltages,
C o
Fig. 4.1 Synchronous machine supplying
a constant load through a series 
compensated transmission line.
Constant 
lioad .
Line current just after the disturbance (from Figure 4.1),
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o>^ , then
If the machine moves with an instantaneous angular velocity
UK
Y, "t o
Line current *
ci> L -  ------ —1 a) C
(4.1)
When the synchronous machine accelerates, increases from its nominal
value of a; and the current falls, reducing E as the load is of constant o o
impedance : consequently, the effective load on the machine is slightly 
reduced, so providing an enhanced accelerating force. (The above occurs 
during a transient interval for which the machine governor setting is assumed 
not to change.)
E E
Then P = — — sin 6e XT, + xd e
where X = ( coL - —^— )e ci)C
and accelerating power, AP = P - P (4.2)m e
If the machine initially decelerates, then by similar reasoning 
the current increases, resulting in an increased load on the machine and 
enhancing the decelerating force. The above form of system behaviour may 
be termed negative damping, as increase in the amplitude of electromechanical 
oscillations is promoted.
In the absence of the series line compensating capacitor C, the 
line current becomes independent of the instantaneous angular velocity of the
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machine, and the voltage in c rease s  and d ecreases  with instantaneous 
frequency. Consequently, with fixed impedance load, m ore load is placed 
on the machine when it a cce le ra te s  and less  when it d ece le ra tes , so that 
oscillations tend to be reduced in am plitude and the effect is that of positive 
damping.
When the actual system  load is  not a constant impedance o r 
pure re s is tan ce , it w ill be readily  apparent that introducing a frequency- 
dependent reactive  component to the load, will change the degree of the above 
effects and even th e ir  natu re , depending on the kind and amount of reactance 
p resen t. However, the above sim ple argum ent dem onstrates the possib ility  
of negative as well as positive damping occurring  on a power system  and 
suggests the d esirab ility  of fu rth e r study of possib le  effects resu lting  th e re ­
from. This is so p a rticu la rly  on pow er system s with long high voltage lines 
for which s e r ie s  capacito r com pensation of inductive reactance  is often 
employed, and for system s in which shunt com pensation is c a rrie d  out by 
capacitors and reac to rs .
In general, when a synchronous m achine acce le ra te s , the 
voltages of those load buses which, as a consequence, have high tra n s fe r  
adm ittances, a re  increased  by the in c rease  in the machine e. m. f. and a re  
reduced by the in c rease  of instantaneous system  reactances, thereby 
changing the load on the system . Thus, inductive reactances and se r ie s  
compensating capacito rs reduce, while shunt capacito rs in c rease  the load 
voltage. Consequently, in c rease  in machine e. m. f. and the effects of 
shunt com pensation reduce the acce lera ting  fo rces, while line inductances 
and se r ie s  com pensation by capacito rs in c rease  the accelerating  forces, 
that is , the fo rm er prom ote positive damping, while the la tte r  produce 
negative damping.
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4.1.1 Calculation of Power System Network Damping Effects
In order to handle the situation arising due to the influence of 
network damping effects, an appropriate phasor diagram on a plane X-Y is 
selected to move in an anticlockwise direction with an angular velocity 
as explained in Section (2. 2.2).
4.1.1.1 System Representation
It is aimed here to investigate and highlight the damping effects 
of power system transmission and distribution networks consequent on the 
introduction into the calculations, of instantaneous frequency variations during 
transient disturbances. Accordingly, all loads will be considered as constant 
impedances, and all synchronous machines will be represented as in Section 
(3. 2.1) (that is, a comprehensive representation, including the influence of 
rotor angular velocity variations for each machine and taking account of voltage 
regulator, saturation and flux decay effects). In this way, assessed changes in 
instantaneous frequency on the system, although subject to the approximation 
that the loads remain fixed, will be reasonably adequately represented to 
demonstrate the damping effects intended.
Representation of the transmission and distribution network will 
need to be consistent with the nature of the network and the accuracy required, 
with the network being changed on the basis of instantaneous frequency by cal­
culating the instantaneous values of inductive reactances and capacitive 
susceptances depending on the instantaneous frequency existing on the particular 
part of the system involved, for each particular time interval, " At”. It will be 
noted that in the process of calculation^ the various network reduction theorems 
employed are valid for fixed frequency operations. In these studies consequently, 
network reductions with the aid of Thevenin’s theorem are carried out at parti­
cular "frozen" instants of time using the corresponding values of the appropriate 
parameters at those instants.
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4.1.1. 2 Procedure for Swing Curve Calculations
Damping effects for any given condition of operation may be 
readily illustrated and observed from the corresponding swing curves which 
may be obtained as follows: -
(a) Position the various phasors on the X-Y plane, initially 
for predisturbance conditions, as in Section (2.2.2), and 
subsequently for each change in operating condition by 
the method outlined in Section (2.2.2) (c -f).
Then for each particular operating condition (application of 
fault, removal of fault and so on) the appropriate section of swing curve may 
be calculated in the following way:-
(b) Form the admittance matrix for the entire system when the 
inductive reactances and capacitive susceptances are cal­
culated for the current values of instantaneous frequency 
in the various parts of the system.
(c) Determine the driving point and transfer admittances of 
the various machines.
(d) Determine the new angular positions of the various machine
e. m. f’s by solving the transient stability equations by the 
Kutta-Runge method 162^  employing the inertia factors and 
current values of e.m .f's as outlined in Section (3.2.1)
(that is, including the instantaneous rotor angular velocity 
variations, and voltage regulator, saturation and flux decay 
effects in the synchronous machine representations).
(e) Resolve the machine e. m.f’s into real and imaginary 
components as,
— m  =  E m  c o s  5 m 1 +5Em sin
by using the latest available values of m
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(f) Calculate the new node voltages, line cu rren ts , and 
phase angles, as outlined in the Appendix (10. 1).
(g) D eterm ine the instantaneous frequency of the voltage 
at each node k, as outlined in  Section (2. 2. 2) as,
e 1 .  e 1
k ok + f
—  ------------ — —  o
2 7T . A t
and for each branch  cu rren t,
e 1 .  e 1
k l okl + f 
2 7T . A t (
(h) Modify the instantaneous frequency by using an 
accelerating  facto r as,
and f i 
k*
1 + (f^* -  f ^  *) x accelerating  factor
f^*  ^ + ( f ^  -  f ^  x accelerating  facto r
(i) T est if the difference between the instantaneous frequencies
of the various respective  node voltages and branch cu rren ts
for two consecutive ite ra tions, is within a predeterm ined 
-4
index, say 10 . If th is  condition is  not satisfied , re tu rn
to step (b) and recycle .
(j) W rite the various quantities.
In step (h) above, an accelerating  fac to r g re a te r  than unity is 
chosen to  produce convergence in a m inim um  num ber of ite ra tions. A value 
for th is  fac to r of 1. 35 has been found to  be a satisfac to ry  com prom ise
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between excessive ite ra tions resu lting  from  sm alle r values, and instab ility  
of the solution produced by o v er-co rrec tio n  when la rg e r values a re  chosen.
With the above value, convergence to within the requ irem ents of step (i) 
usually req u ire s  five to seven ite ra tions.
4 .1 .2  Illu stra tiv e  P rob lem  Including T ransm ission  Damping Effects 
F igure 4 .2  is the line d iagram  of a 4-m achine power system  
(based on an exam ple from  R eference 195) , which is p resen ted  to illu s tra te  
the behaviour of a pow er system  when rep resen ta tion  of the tran sm iss io n  and 
d istribu tion  netw ork takes account of instantaneous frequency deviations.
F u rth er re levan t inform ation is  given in Tables I, IV(a) and IV(b).
C alculation follows the procedure of Section (4 .1 .1 .2 ) , with 
synchronous m achines rep resen ted  as in Section (3. 2.1). Loads a re  here  
considered  as fixed im pedances at system  nominal frequency, and the t r a n s ­
m ission  lines a re  rep resen ted  by th e ir  equivalent p i 's , with inductive reac tan ces  
and capacitive susceptances modified in accordance with instantaneous frequency 
changes. For purposes of com parison, calculation has been c a r r ie d  out with and 
without the inclusion of effects of instantaneous frequency on the tran sm iss io n  
network, and in each case rep resen ta tio n  of the synchronous m achines and loads 
has been the sam e in o rd e r to iso late  the actual effects produced on the system  
by the tran sm iss io n  network. In th is  study, a 3-phase to ground fault occu rs  on 
line 16 close to bus 15; the la tte r  is  iso lated  from  the fault by b re a k e r w ithin 
a ce rta in  tim e, and a fte r a fu rth e r period, b reak er B disconnects line 16,
L a
thereby c learing  the fault.
F igure (4. 3a) shows the re la tive  swing curves with re sp ec t
to machine 4 when b reak er B opera tes in 129 m illiseconds and b re a k e r B
_L ^
* With lines 5 ,6 , 7 & 8 (Fig. 4. 2) added to in c rease  the size of the tran sm iss io n  
network and thereby  illu s tra tin g  damping m ore effectively.
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TABLE IV (a)* Transm ission Line Impedances (at 50 c /s)  for Fig. 4.2 on 100 MV A
Base
Branch no. Impedance in P. U. Branch no. Impedance in P, U.
1 0 + j 0.13 9 0.131 + j 0.798
2 0 + j 0. 28 10 0. 0172 + j 0. 164
3 0 + j 0. 259 11 0. 1016 + j 0.379
4 0 + j 0.15 12 0.0552 + j 0.205
5 0. 05 + j 0. 43 13 0.069 + j  0.144
6 0.0414 + j 0.58 14 0. 268 + j 1. 27
7 0.07 + j 0.679 15 0. 0129 + j 0.0688
8 0. 08 + j 0. 65 16 0.0129 + j 0.0688
TABLE IV(bf Load Impedances on 100 MVA Base (at 50 c /s ) , for Fig. 4. 2.
Load Impedance in P. U. Load Impedance in P. U.
Li 2. 04 + j 0. 08 L4
5.33 + j 4.83
L2 0. 94 + j 0. 636 L5
12. 55 + j 4. 82
L3 2.93 + j 2 .74 L6 0.838 + j 0. 623
* Network constants are expressed at system  nominal frequency.
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P * 0.846 .
E 1 = 1. 225 / 33>5°
H = 6. 23 (on m /c . base)
P. -  1.32 .
4 / o
E. = 1. 6 8 /34-8 4
H = 5. 5 (on m /c. 
4 base)
Prt = 0. 363 .
2 / o
E = 1-312 / Q-8
A
H = 5. 05 (on m /c . base)
Fig. 4. 2 Line diagram for a 4 -  machine 
power system  problem (on 100 
MV A base).
0.278
^±-3  E3 = 1. 438 UL°-°
) H = 6. 25 (on m /c . base)
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Fig. 4-3 (a) Relative swing curves for F ig.4.2 W-.Je.T: n /c . 4 . (Total fault 
c learance time =; 258 m sec.) .
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Fin. 4 --3  (b) Instantaneous frequency varia tions at key b uses  when tran sm iss io n  
damping is neglected. (Total fault c lea ran ce  time = 258 m s e c . )
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c le a rs  line 16 in a to tal tim e from  fault inception of 258 m illiseconds.
F igu re  (4.3b) shows the instantaneous frequency varia tions of various buses 
under the conditions of F igure (4.3a).
If the operation of b reak er is  delayed to take 138 m illi­
seconds, and b reak e r B is  delayed to c lear the fault in a total tim e from
Lk
inception of 276 m illiseconds, the curves of F igure  (4.4a) re su lt. Corresponding 
voltages a t the m ajo r load buses 9, 10, 11, a re  shown respective ly  in 
F ig u res  (4. 4 b, c, d) and F igure  (4. 4e) indicates the instantaneous cu rren t 
varia tions through the im portant line no. 11.
It m ay be observed that taking account of the effects of 
instantaneous frequency changes in the network, the existence of negative 
dam ping is  indicated and, in the case of F igure  4. 4, produced a significantly 
d ifferen t calculated behaviour from  that obtained by neglecting instantaneous 
frequency changes. In the fo rm er case, the system  is  a sse ssed  as unstable, 
w hereas in the la tte r , th e re  is  apparent stability . The m argin  of difference 
between the two m ethods of calculation may be expressed  quantitatively by 
noting that for the conditions of F igure (4.4), when calculating without 
including instantaneous frequency varia tion  effects in the network, e ither
(i) an ex tra  10 MW of load m ust be added a t bus no. 11, or
(ii) to tal fault c learance  tim e m ust be increased  by 9 
m illiseconds,
in o rd e r to m ake the resu lting  swing curves coincide with those obtained for 
the o rig inal system  with the inclusion of instantaneous frequency effects.
t
4. 2 Dispussion
The exam ple od Section (4.1. 2) suggests that it may be unsafe 
to assum e that damping effects in power system  netw orks can be neglected. 
F igure  (4 .4e) ind ica tes that the cu rren t varia tions in key branch no. 11 a re
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<*—  f a u l t  on - B ,  OFF „ 4 ------ FAULT COMPLETELY CLEARED
Fig. <4.^f(a) R e lative sw ing curves fo r  F ig .4 . 2  w -R .t :  M /c  4  
(Total fau lt clearance tim e s. 276 m sec .).
W ith transm iss ion  damping. 
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FAULT COMPLETELY CLEAREOFAULT ON—>
TIME IN SEC
Fig. 4.4 (b) Voltage variations at bus no. 9.
(Total fault clearance time — 276 m sec.).
With transmission (lamping. 
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FAULT ON B, OFF -  FAULT c o m p l e t e l y  CLEARED
t im e  in  sec
Fig. 4 .4  (c) Voltage variations at bus no. 10.
(Total fault clearance time = 276 m sec ).
----------------- With transmission damping.
-----------------Without
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FAULT COMPLETELY CLEAREDOFF —FAULT ON-----
TIME IN SEC
F ig  4 -4  (d) Vo ltage  v a r ia t io n s  a t bus no. 11.
(T o ta l fa u lt  c le a ra n ce  t im e  *  276 m  s e c .) .
W ith  tra n s m is s io n  dam ping . 
W ith o u t "  "
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fault on OFF----- -FAULT COMPLEUEY CLEARED
TIME IN SEC
F ig . 4 . 4- (e) C u r re n t v a r ia t io n s  th ro u g h  b ranch  no. 11.
(T o ta l fa u lt c le a ra n ce  t im e  st 276 m s e c .) .
--------------------  W ith  t ra n s m is s io n  dam ping .
-------------------- W ith o u t
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significantly larger when instantaneous frequency variations are introduced 
in the calculations, so that protective relay settings based on calculations in 
which damping is not considered, may be unsound. For example, machine 2 
might be inappropriately isolated by the opening of a breaker close to bus 
no. 10. Figures (4. 4 b, c, d), show that the voltages at the respective 
major load buses 9, 10, 11 are lower when transmission damping is included 
than otherwise: this reduced voltage leads generally to a reduced overall 
load on the system and is a factor in the negative damping behaviour. Further, 
the lower voltages indicated by the calculations imply that particular loads may 
be influenced markedly; for example, induction motors would draw more 
current (than appears from calculations which neglect damping), and this may 
further upset the current and voltage distributions as calculated.
It is apparent from Figure (4„ 4) that the question of whether 
or not a system is in fact stable may be differently assessed by including or 
not including transmission network damping. In the example given, this 
difference in deduced behaviour by the two approaches seems sufficiently 
marked to warrant inclusion of instantaneous frequency variation in the 
transmission network for transient stability studies.
Power systems will exist in which network damping has values 
in the range from significantly negative, through zero, to significantly positive. 
In general, negative damping will tend to occur in systems with long lines, 
particularly if series compensation by capacitors is present, while positive 
damping will tend to exist on systems with shunt compensation by capacitors 
and/or transmission lines of short length only.
Because of the need to calculate new transfer and driving point 
admittances at each iteration when including the effect of instantaneous 
frequency variation in the power system network, necessary computing time 
will be longer in this case than when network damping is neglected. With the
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calculation procedures presented in Section (4. 1. 1. 2), for the example of 
Section (4. 1. 2), computing time (using an IBM 360/50 digital computer) was 
respectively 7. 8 minutes (damping included) and 0. 7 minutes (damping not 
included). The extra calculating time may often be acceptable.
Attention is redrawn to the representation of loads by fixed 
impedances in this study in order to simplify isolation of the instantaneous 
frequency variation effects in the transmission and distribution networks.
In the process, although the resulting instantaneous frequency changes in 
the system and the voltage, current and load deviations may be consequently 
only approximate, the nature of the effects and their influence and significance 
have been demonstrated.
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5. LOAD CONSIDERATIONS
W hatever the c h a rac te ris tic s  of the loads, a power system  has 
to m eet the ir demands under norm al and abnorm al situations; consequently 
a knowledge of load c h a rac te ris tic s  has been em phasized in the lite ra tu re . 
Voltage-dependent behaviour has a ttrac ted  much attention in the past, but 
frequency-dependent behaviour of loads has received little  attention due to 
lack of suitable analytical trea tm en t and requ ired  inform ation.
The m ore usual loads m et in p rac tice  include: -
(a) Induction m otors.
(b) M ercury a rc  rec tifie rs .
(c) D ischarge lam ps.
(d) A rc-fu rn aces.
(e) E lec tric  w elders.
(f) F ilam ent lam ps.
(g) E lem ent h eate rs .
Due to lack of adequate inform ation and convenient methods of 
rep resen ta tion  in stab ility  studies, all the above loads have been rep resen ted  
in various ways, fo r exam ple by:-
(i) Constant shunt im pedances at system  nominal frequency, 
giving active and reactive powers d irectly  proportional 
to the square  of the term ina l voltage.
(ii) Constant cu rren t sinks, giving active and reactive pow ers 
d irec tly  proportional to the term inal voltage.
(iii) N on-linear loads.
All the above rep resen ta tions tre a t the loads as being s ta tic  
and independent of operating frequency, but they a re  in fact dynamic and
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frequency-dependent, and it has usually been considered that the re su lts
195obtained in this way a re  safe ; however, the exam ples included in 
Section 5. 1 .2 . 2 suggest that th is belief may be erroneous.
F o r purposes of the p resen t work, the loads have been 
grouped into th ree  categories: -
(i) Frequency-dependent dynamic; such as induction 
m oto rs.
(ii) Frequency-dependent static; such as loads from  
(b) to (e) in the above lis t.
(iii) Fixed impedance loads independent of operating 
frequency.
The detailed  load com position may be obtained from  a load 
survey  in the f ir s t  instance and convenient sub-division may be made as  above 
in o rd e r to a sse ss  stab ility  under tran sien t conditions, fo r which the tran sien t 
frequency varia tion  in the various p a rts  of the system  will affect the input 
power to a ll loads in categories  (i) and (ii).
5 .1  Frequency-D ependent Dynamic Loads -  Induction M otors
The m ost usual dynamic loads m et in p rac tice  a re  induction 
m otors, w ith com paratively few synchronous m otors and even le ss  synchronous 
co n v erters. Induction m otors contribute significantly to power system  loads, 
and have consequently a ttrac ted  much attention in the past, th e ir  im portance 
being em phasized in the lite ra tu re  from  various aspects. For example, 
R eferences (214 and 215) consider power station  aux ilia ries, and R eferences 
(216, 229 and 237) consider o ther im portant applications of induction m otors 
in power sy stem s. T heir input active and reactive powers depend upon the 
instantaneous magnitudes of the term inal voltage (to a sm all extent) and 
operating frequency (to a large extent).
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5 .1 .1  Dynamic and Frequency-Dependent R epresentation
C onsider the situation regarding la rge  induction m otors
(such as pump m otors in power stations) : they have been rep resen ted
in detail in the com prehensive com puter p rogram s developed fo r power
system  stability  studies 2^ ’ 21° ’ 21^, because a g rea t deal of inform ation
is available; th e ir  rep resen ta tion  has ranged from  steady -sta te  equivalent
c irc u its , through approxim ate equations to exact equations in 2 -ax is form
derived from  the c irc u it analysis of the m achines, and has taken account of
225varying term inal voltage and operating frequency
On the o ther hand, the bulk of the induction m otor loads which
consists  of sm all size  general purpose m otors has not been given attention
due to lack of appropria te  inform ation. Groups of such induction m otors have
som etim es been rep resen ted  by fixed im pedances at system  nominal frequency.
195However, it has been pointed out , that damping can a rise  from  the change 
of load due to instantaneous frequency variations under disturbed conditions, 
but this fac to r has been neglected. H ere the aim  is to develop suitable 
m ethods to rep re se n t induction m otor loads as frequency-dependent and 
dynamic, when the only inform ation available is the num ber of m otors and 
th e ir  ratings.
5. 1. 1.1 Frequency Range
In o rd e r  to study the dynamic and frequency-dependent 
behaviour of induction m otors, a frequency range of 50 + 2. 5 c /s  has been 
selected . The 2. 5 cycles change has been d istributed  over 18 in tervals, 
each of 0. 05 s e c s . ; the law of variation, as shown in F igure (5.1), closely 
corresponds to the swing curves of synchronous m achines under d isturbed 
conditions. In p rac tice , frequency varia tions are  le ss  (as d iscussed  in 
Section 2) but the above excursions w ill serve  to com pare the proposed
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TIME IN SEC
Fig. 5.1 Operating frequency vs. time at the motor terminals.
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approxim ate method with m ore p rec ise  calculations c a rrie d  out using 
equivalent c ircu its  (F igure (5 .2 )).
w w v
Fig. 5. 2 Induction m otor equivalent c ircu it.
5 .1 .1 .2  C h arac te ris tic s  of Induction M otors
C onsider the c h a rac te ris tic s  shown in F igure (5.3) : it is
observed that the th ree  c h a rac te ris tic s  nam ely, (a) T orque-slip , (b) S tator
c u rre n t-s lip , and (c) Pow er fac to r-s lip , a re  lin ea r during the w orkable
range of slip . Accordingly, by utilizing the linearity  of the above
c h a rac te ris tic s , a new approach has been developed which can enable us
to tre a t a sm all induction m otor on a frequency-dependent and dynamic
b asis . The lin ea r p roperty  of the to rque-slip  c h a rac te ris tic s  has previously
123been employed fo r studying the natura l oscillations of induction m otors
It may be noted that equation (10.6) of appendix 10.2, indicates 
that the slope of the to rq ue-slip  c h a rac te ris tic s  is inversely  proportional to 
the operating frequency a t s = 0.
5 .1 .1 .3  Core Losses
Core lo sses  depend upon the instantaneous magnitude of 
frequency and flux density. For a constant te rm inal voltage, increased  
frequency reduces the flux density. As the eddy cu rren t lo sses  a re  d irec tly
1 0 7
200 -
<,%-7S C/S
5 0 - 0  C/ S
* -  100
25 C/S
Fig. 5. 3 ch a rac te ris tic s  of 15 h.p. squ irre l cage induction 
m otor for various operating frequencies.
A Torque-slip  
B S tator cu rren t-s lip  
C Power fac to r-slip
108
2 2proportional to B f , these lo sses  rem ain constant, w hereas the h y steres is
1 0
lo sse s , which a re  proportional to B ' f, will be slightly reduced, giving 
only a slight overa ll reduction in core  lo sses . Iron lo sses  can therefore  
be trea ted  as substantially  constant when the term ina l voltage is held 
constant.
5 .1 .1 .4  R epresentation  with Equivalent C ircu its
F igure  5 .4  shows the torque-speed  c h a rac te ris tic s  at various 
frequencies fo r  a 15 h .p . induction m otor, when the term inal voltage is held 
constant. The c h a ra c te r is tic s  a re  substantially  lin ea r over the working 
range; m oreover, the p a r t of the ch arac te ris tic  F 'K f is  sm all.
C onsider the behaviour of the m otor when the operating 
frequency is changed from  f to f : im m ediately the operating ch arac te ris tic  
changes, that is fo r frequency f the m otor opera tes on ch arac te ris tic  
no. 1 (at point F), under s teady-sta te  conditions. The tim e in terval fo r 
th is  change in frequency has been taken as "A t" sec. On changing the 
frequency from  f^ to f, the torque developed by the m otor corresponds 
to the point F '.  The m otor acce le ra te s  and follows the path on the 
c h a rac te ris tic  no. 2, as shown. The final speed at the end of the tim e 
in terval "A t" depends on the in ertia  facto r of the m achine. F o r higher 
values of in ertia  fac to r, the speed w ill change from  n^ to n ! w hereas for 
low er values it w ill change from  n^ to n". Assuming the F 'K f p a rt of the 
torque-speed  c h a rac te ris tic  linear, the equation of motion fo r the m otor 
can be derived as in appendix 10.6.
The slope of the torque-speed  c h a rac te ris tic  may be determ ined 
by changing the speed slightly, for example by 0. 01% and determ ining the 
corresponding torque fo r the given instantaneous operating frequency.
In F igure (5. 5) the varia tions of torque developed by the
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u o o
SPEED IN R P M
Fig. 5 .4  Torque speed ch arac teris tics  of 15 h. p. squ irre l cage induction 
motor illustrating  the effect of change in operating frequency.
110
I l l
motor at the end of each time interval are shown for various values of inertia 
factor. The instantaneous value of the active power input may be determined 
by the torque corresponding to points M, G, etc. from the following steps:-
(a) Calculate the load torque for a given or assessed full 
load slip as:-
T
m V
r
2 2
5oo
217fo { ( RI + ^ ) 2 + <X i  + X2>2}oo
(b) Calculate the actual full load speed for slip s as:-oo
noo n (1 - s ) 1 oo
(c) Change the instantaneous frequency by one step as in 
conformity with the relation of variations of frequency 
chosen in Section 5.1.1.  1 for the time interval of "At" 
secs, (arbitrarily chosen here as 0. 05 sec.).
(d) Modify the equivalent circuit reactances for the 
instantaneous frequency.
(e) Calculate the new synchronous speed.
(f) Calculate the instantaneous slip at the beginning of the 
time interval as:-
(g) Determine the instantaneous torque developed by the motor 
corresponding to slip s as: -
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m V
2 TT f
r2-----p
s __________ ____
r? 2 2
<Ri + i>  +(xi + *2)
(h) D eterm ine the instantaneous slope of the to rque-speed  
ch a rac te ris tic .
(i) D eterm ine the value of the coefficient A from  the initial 
conditions a t the beginning of the time in te rva l "A t” 
from  equation (10.32) o r  (10. 35).
(j) C alculate the new instantaneous speed of the m otor at 
the end of the tim e in terval " A t"  from  equation (10. 33) 
o r  (10. 36).
(k) Calculate the instantaneous slip a t the end of "A t" a s :-
(jg) C alculate the active and reactive power input to the 
equivalent; c ircu it fo r slip s .
(m) Calculate the active power input to the m o to r by adding 
iron  lo sse s  to the active power obtained fo r step (i ).
In the foregoing procedure, the fric tion  and windage lo sses  
have been considered  as an in tegral p a rt of the load supplied by the induction 
m otor.
The above steps from  (c) to (m) a re  repeated fo r each step 
change in frequency, and in this way the dynamic and frequency-dependent 
behaviour of an  induction m otor can be studied fo r various values of in e rtia  
facto r. The curves in F igures (5. 8, 5. 9 (a and b)) have been obtained in 
th is  way.
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5. 1. 1.5 Induction Motor Parameters
Full load slip normally varies from 5. 5% to 1%, inertia factor 
from 0.1 to 0. 3 and magnetising current from 50% to 20% of the full load 
current fa- general purpose induction motors, over a range of 1 to 1000 
horsepower as shown in Table V and Figures (5. 6 (a to e)) which have been 
assembled from information provided by several manufacturers*. It has 
been verified in practice that the inertia factor contribution of loads such as 
drilling, grinding, milling and spinning machines, fans, lathes, pumps, 
compressors, etc. is quite significant, and at least equal to that of the 
driving motor. The tests quoted previously from Reference (137) can 
give some idea of load torque variation with speed, otherwise the safest 
case is to treat the load torque as being constant. Installations with 
exceptionally high inertia factor, such as Ward-Leonard Illgner speed 
control, and large motors fall under the category of important induction 
motors and should be considered separately.
Considering induction motor installations under steady-state 
conditions, inertia has no effect : if the load falls by 1% with 1% reduction 
in frequency, then the load torque is approximately independent of speed; 
whereas if the load falls by 2% with 1% reduction in f requency, then the 
load torque is approximately directly proportional to the speed. The load 
reductions assumed in Reference (219) indicate T , <=< oo11, where n > 1.
5.1. 1.6 Approximate Methods of Calculation 
(A) Assessment of Active Power
It is somewhat unlikely that comprehensive parameters 
on induction machines connected to a power system will be normally readily 
available; this raises the need to predict the various key parameters of
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induction m otors. In an attem pt to d iscover typical trends in p a ram ete rs  
v e rsu s  m otor ra tings, F igures (5. 6 (a to e)) have been assem bled from  
inform ation supplied by various m anufacturers*. Although individual m otors 
of a given rating have p a ram ete rs  extending over re la tively  broad lim its , an 
attem pt has been made to draw m ean curves as shown. It will be seen la te r  
that these curves a re  useful, p a rticu la rly  when it is rea lised  that a power 
system  will norm ally  supply thousands of different m otors, and s ta tis tica l 
fac to rs  w ill consequently apply.
Appendix 10. 4 shows that in ertia  fac to r is approxim ately 
independent of the num ber of poles, and Appendix 10. 5 indicates how 
equivalent p a ram e te rs  can be determ ined fo r a mixed group of induction 
m otors, using inform ation on p a ram e te rs  of individual m achines, if known, 
o r  employing the curves of F igures (5.6 (a to e)) (as being rep resen ta tive) 
in the m ore usual case  in which all that is known about individual m achines 
is horsepow er rating and num ber of units.
* Inform ation kindly supplied by the following m anufacturers is gratefully  
acknowledged: -
(i) The English E lec tric  Company Pty. Ltd.
(ii) Hawker Siddeley B rush  Pty. Ltd.
(iii) W estate E lec trica l Industries Ltd.
(iv) W arburton Franki Industries (M elb.) Pty. Ltd.
(v) Siemens Holske Siemens Schuckert (A /asia) Pty. Ltd.
(vi) A ustra lian  E lec trica l Industries Pty. Ltd.
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TABLE V
Showing various typical induction motor pa ram ete rs  -  full load slip, inertia  
fac tors , and overall changes in active and reactive  powers at 51.25* c / s ,  as 
shown in Figure 5. 1 and expressed  as % change/2 .5% change in frequency, 
when the load torque is constant.
No. h. p.
H in
/ KW-sec. v 
KVa ra t in g '
Full load 
slip in
%
% overall change 
at 51. 25 c / s
Full load 
line
cu rren t 
in am p s .
Magnetising
line
cu rren t 
in amps.
Active
Power
Reactive
Power
1 5 SR 0.18 2.0 5. 59 -1 .62 7.5 3. 97
2 7.5SC 0.113 5.3 4.44 -0 .7 9 10.0 4.6
3 10 SC 0. 1 4.66 3. 21 -0 .76 13.5 6.1
4 10 sc 0.12 2.3 2. 93 1.38 13.5 4.6
5 10 SR 0.284 1.67 10. 61 1.35 14.5 5.8
6 15 SC 0.106 2.32 2.74 1.76 20. 5 6.1
7 15 SR 0.172 3.0 4.77 0.27 21. 5 10.15
8 20 SC 0.12 3.33 3.65 0. 047 26. 5 9.7
9 20 SC 0.14 1.86 2. 88 1.08 26. 5 9.36
10 20 SR 0. 2 3.7 6.26 4. 01 27.5 10. 0
11 25 SC 0.134 4 .0 4. 38 2.30 32.0 9.5
12 30 SC 0.18 2.38 3.12 8. 85 40. 5 10. 5
13 40 SC 0.175 1. 5 2. 80 1.73 54. 0 15.4
14 40 SC 0.24 2.66 3. 55 1.04 52.5 18.5
15 40 SR 0.38 1.28 7.28 2.75 55.0 19.71
16 50 SC 0.144 1.51 2. 58 1.12 71.0 26.5
17 50 SC 0.2 2.66 5.26 1.95 64.0 19. 5
18 50 SC 0.217 1.33 3.33 1.13 64. 5 21. 5
19 60 SR 0.157 2.8 4. 32 2.26 80.0 28.4
20 75 SR 0.137 2.3 3. 37 0.68 102. 5 42.7
21 75 SC 0.218 1.35 3. 36 2. 96 103.0 29. 5
___ /Ctd.
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22 100 SR 0. 153 2.4 3. 82 2. 21 147.0 45. 8
23 100 SC 0. 22 2.13 4. 65 2.62 125. 0 23.5
24 200 SC 0.25 1.46 5. 64 6.25 136.0 32.5
25 200 SC 0.3 1.87 7.62 11.25 250. 0 51. 8
26 250 SC 0.25 1.33 4. 11 6. 08 40.0 8.07
27 450 SC 0.28 1.48 5.36 8.66 71.0 12.1
SC -  Squirrel cage induction m otor 
SR - Slipring induction m otor
* Because there  is maximum acceleration  at this frequency during the whole 
change as shown in F igure (5.1).
F igure(5 .7 ) shows the to rque-slip  c h a rac te ris tic s  of an induction 
m otor operating at the point F with slip  s^. When the operating frequency is 
changed from  f to f, the m otor operates on a ch a rac te ris tic  corresponding to 
f (it has been assum ed that f > fQ). As already  mentioned, the slope of the 
c h a rac te ris tic  at s = 0 v a rie s  inversely  with the operating frequency (as shown 
by equation (10. 6), and the operating point F shifts to F f, having the instantaneous 
s lip  s . The m otor acce le ra te s , and its  slip fa lls, following the curve F'O  in 
F igure (5. 7). The equation of motion can be derived as in appendix (10. 7).
In a ssess in g  the instantaneous active power input by the 
approxim ate method, the following steps a re  involved:-
(a) C alculate the synchronous speed of the induction m otor 
fo r the specified  num ber of poles a s : -
60 . fo
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Fig. 5 .7  Torque s lip  c h a ra c te r is t ic s  indicating the slope used by the 
suggested  app rox im ate  method.
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(b) C alculate the actual speed of the m otor for a given o r 
assum ed full load slip , a s :-
(c)
(d )
oo n (1 -  s ) 1 oo
Calculate the load torque, a s :-
hp x 746 x 60 x  ri
2 77 noo
Calculate the slope of the to rque-slip  ch a rac te ris tic , a s :-
Tf
0 1  =  ---------
s oo
(e) Change the operating frequency by one step as in (c), 
Section 5. 1. 1 .4 .
(f) Modify öl by equation (10.6) fo r the instantaneous frequency.
(g) C alculate the coefficient A’ from  the initial conditions at 
the beginning of the tim e in terval "A t" from  equations 
(10.40) o r  (10.44).
(h) Calculate the new instantaneous slip at the end of the tim e 
in terval "A t"  from  equations (10.41) o r  (10.45).
(i) Calculate the instantaneous torque developed by the m oto r 
a t the end of the tim e in terval "A t" , a s :-
T = s . a  o o
(j) Calculate the instantaneous speed of the m oto r at the end 
of the tim e in terval "A t" , a s :-
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n a n. (1 -  s ) . — o 1 o fo
(k) Calculate the active power input to the motor asr-
T x 2 77 n p = o_______ o
60 X ?7
In the above procedure, the windage and friction losses have 
been considered as an integral part of the load supplied by the motor, whereas 
the iron losses are indirectly included in the efficiency of the motor, which has 
been assumed constant because its change is negligible.
The steps (e) to (k) are repeated for each step change in 
instantaneous frequency, and in this way the dynamic and frequency-dependent 
behaviour of an induction motor can be studied conveniently without the knowledge 
of equivalent circuit constants. By following the above method, the appropriate 
curves in Figure (5. 8) have been obtained.
Examination of Figure (5.7) reveals that the slope of the torque- 
slip characteristic used is greater than the actual, and from Figure (5.8), it 
is observed that only 90% of the overall change in active power has been taken 
into account because of this fact. Two alternatives for improvement are,
(i) Reduction of slope of the torque-slip characteristic 
(ii) Increase of working slip
The first alternative depends upon the overall swing of the slip, 
which is determined by the inertia factor, whereas the second alternative 
changes the slope of the torque-slip curve and shifts the operating point to 
the right. Various values of working slips for different motors have been 
tried, and the results have indicated that a notional increase of 40% in overall
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r t
o
50 HP
Fig. 5. 8 Active power input to 5 h .p . and 50 h .p . squ irrel cage induction
m otors vs. frequency for norm al full load slip and 40%increased  slip.
% values indicate overall change in active power input when trea ted  
frequency-dependent dynamically.
1 -  Active power input by equivalent circu it.
2 -  " " " " suggested method with normal s.
3 -  " " " " " " " increased s.
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w orking slip, im proves the assessm en t to within + 2% of the overall change in
active pow er as shown in Figure (5. 8). Consequently, in step (b) above,
s = 1.4 x full load slip , oo
F igu res (5.9 (a and b ) ) and Table VI illu s tra te  the magnitude 
of e r ro r s  associated  with the above method of viewing groups of m achines 
under variab le  frequency conditions (as shown in Figure 5 .1). Using th is 
approach, an equivalent m otor of the total group rating can be obtained 
(as shown in Appendix 10. 5) and equivalent induction machine p a ram ete rs  
a re  then available fo r com prehensive assessm en t of the power system , even 
when the only de tails  available a re  the num ber of induction m otors and th e ir  
horsepow er rating. It is  c lea r  from  F igures (5. 9 (a and b)) and Table VI 
that acting on m eagre inform ation and employing the approxim ate method 
proposed, perform ance can be assessed  within reasonable agreem ent of 
that possib le  using m ore detailed inform ation and m ore exact methods.
The above method has been used successfu lly  by the w rite r  
in the study of frequency-dependent dynamic behaviour of groups of induction 
m oto rs, calculations such as  in the example of Section (5.1. 2) indicating 
that the method re ta in s  good accuracy.
(B) A ssessm en t of Reactive Power
The to tal input reactive powe r  is absorbed in the m agnetising 
and leakage reac tan ces . Considering the no-load approxim ate rep resen ta tion  
as shown in F igure  (5. 10(a)), the p a r t of the reactive  pow er absorbed by this 
section is  inversely  proportional to the operating frequency. F igure (5. 10(b)) 
ind icates the equivalent c irc u it fo r the induction m otor with the no-load section 
om itted. The total res is tan ce  component of the c irc u it depends upon the 
instantaneous slip  of the induction m otor, and falls when the slip  in c reases .
If the operating frequency goes up, then the instantaneous working slip r is e s  
and re su lts  in a reduction of overall re s is tan ce  of the branch. The reactance
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DETAILS o f  g r o u p
RATING 
IN H.R
NT OF 
MOTORS
5 t o
7*5 35
10 30
15 10
20 5
25 5
t o 5
50 5
100 20
TOTAL HP : 3587*5
2-8
50 51
_ j_
5? 53
-*> OPERATING FREQUENCY IN C /S .
Fig. 5. 9(a) Active power input to a group of 3587.5 h.p . induction m otors 
vs. instantaneous frequency.
% values indicate overall change in active power under different 
conditions when treated  frequency-dependent and dynamically. 
(Equivalent param eters have been ascerta ined  from Figs. 5.6(a) 
to (e) by equations outlined in Appendix 10.5).
------- —  — By equivalent c ircu it.
----------------App. method w ith known param ete rs.
---------------- " " " assum ed "
" " " 5% increase in power factor.
-----------------" " " 10% decrease in H.
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6 -7 -
OETAILS OF GROUP
RATING 
IN KP
N* OF 
MOTORS
5 100
7-5 90
10 80
15 70
20 60
25 50
to 30
50 20
100' 5
TOTAL H P :  8175
50 51 52 53
---------------- OPERATING FREQUENCY IN C/S.
Fig. 5. 9(b) Active power input to a group of 8175 h.p.  induction m otors 
vs. instantaneous frequency.
% values indicate overall change in active power under different 
conditions when trea ted  frequency -dependent dynamically.
(Equivalent param ete rs have been ascertained from Figs. 5.6(a) 
to (e) by equations outlined in Appendix 10. 5).
------------------By equivalent circuit.
------------------App. method with 20% increase in slip and 10% increase in H.
--------------—  " " " assum ed param eters.
-------------- — " " " known p aram eters.
" " " 2 0 %  decrease in slip and 10%decrease  inH.
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Fig. 5 .10(a) No-load section of induction 
motor equivalent circuit.
ro (1 ~ s>
Fig. 5.10(b) Induction motor equivalent circuit 
(with no-load section omitted).
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being frequency-dependent, the reactive power w ill go up under the above 
conditions.
In the case  of small m otors, such as 1, 2, 5 h .p . e tc .,  the 
m agnetising reactive  pow er is  usually predom inant and re su lts  in a nett 
reduction of overa ll reactive power input under the above conditions. On 
the o ther hand, the reactive  power absorbed by the leakage reactance is 
predom inant fo r la rge  size m otors, such as 25, 50, 100 horsepow er, etc. 
and re su lts  in a ne tt in c rease  of overall reactive power. However, it is 
very  difficult to put a firm  dividing line between sm all size and la rg e  size 
m otors; fo r exam ple, two 50 h .p . sq u irre l cage induction m otors supplied 
by the sam e m anufactu rer can behave differently with regard  to reactive 
pow er input, as shown in Figure (5.11) w here one machine c lea rly  has 
m ore leakage reactance  than the o ther.
The reactive  power input to an induction m otor under 
d istu rbed  conditions depends upon the following fa c to rs :-
Output
P ow er facto r
Slip
Ratio of s ta to r  leakage reactance to m agnetising reactance
Ratio of ro to r res is tan ce  to s ta to r  re s is tan ce
F igure  (5. 11) indicates the behaviour of reactive power input 
to various types of m otors ve rsu s  operating frequency.
Two a lternative  m ethods fo r considering reactive  power a re :-
(1) T rea t the reactive power as constant fo r a group of 
induction m otors, because
(i) Such loads have a power fac to r ranging from  
0. 75 to 0. 93; that is , the ra tio  between active
so
40
30
20
10
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Reactive power by equivalent c ircu i t  
" " " approx, method
100 HP
I
0 -75V. 75 HP
2-26» . _  ____ S 0 HP
I M 3  V. 
I 1 -95 */•
50 HP
4 - 0 1 V .
I 0 • 2 7 *1*
20 HP 
15 HP
l_ 0 76V. 
j_0j_S2 V»_
1 0 HP 
5 HP
51 52
------------------► OPERATING FREQUENCY IN C/ S .
Reactive power input vs. operating  frequency fo r  various  induction 
n o to r s .
'% values indicate ove ra l l  change in reac t iv e  pow er by equivalent
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and reactive pow er v a ries  from  1.1 to 2. 5 and 
the change in reactive  pow er has very  little  effect 
on the active power demand as shown in Appendix 10. 8.
(ii) The overall change in reactive  power is quite s ig n i­
ficantly le ss  than that of active power as shown in 
Figure (5.11) and Table V (for m ost of the m otors).
(2) T rea t the reactive power as  variab le.
With re sp ec t to (2), there  a re  a fu rth er two a lte rnatives. The
f ir s t  one is  the use of the power fac to r c h a rac te ris tic  shown in F igure (5.3),
but the power fac to r varia tions do not follow a reg u la r pa tte rn  as shown in
F igure (5.12), due to the fact that the maximum torque and maximum power
fac to r do not occur at the same slip . The peak of the power fac to r curve falls
w ithin the working range of the to rque-slip  c h a rac te ris tic s  as shown in Figure
(5.3), and m oreover, its  position v a rie s  from  machine to m achine. Consequently,
som e m otors w ill have rising  c h a ra c te r is tic s  of -A .(Pow er yg freqUenCy
A (slip)
and som e falling, as shown in Figure (5.12), but differing in m agnitudes as w ell. 
A s a  re su lt of this ir re g u la r  pa tte rn  followed by different induction m otors, the 
power fac to r vs. slip  c h a rac te ris tic s  cannot be employed without g re a te r  e r ro rs  
than employing the s ta to r  cu rren t vs. slip c h a rac te ris tic s  in the assessm en t of 
reactive pow ers fo r the induction m otors during d istu rbances.
The second a lternative  is to use the s ta to r  cu rren t c h a rac te ris tic s
shown in Figure (5. 3) fo r various frequencies vs. slip . F rom  equation (10. 8),
9 I- —  at s = 0 is  independent of frequency and the c h a rac te ris tic s  a re  lin ea r 
o s
w ithin the full load range as shown. The in te rcep t on the v e rtica l axis 
rep re sen ts  the m agnetising cu rren t, which v aries  inversely  with frequency 
as d iscussed  previously .
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A(COS 0)
FREQUENCY IN Hz
Fig. 5. 12 A (cos (|)) jo r v a r jou8 m otors.
A  S
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Using the linearity  property  of the c h a rac te ris tic s , 
that is , I o< s,
o r  I = I + C! s, w here C’is the slope which depends upon 
the instantaneous operating frequency and is used as shown in appendix 10. 2. 
In this way about 80% of the overall change in reactive  power can be taken 
into account in the assessm en t, as indicated in Figure (5.11).
(C) L im itations of the  Approxim ate Method
(i) The method is not valid when the voltage 
co llapses to an extent such that the m otors 
w ill no longer be working in the stable regions 
of th e ir  to rque-slip  c h a rac te ris tic s .
(ii) In the p resence  of rap id-acting  m odern fault
c learing  equipment, fo r which the c learance
237tim e varies  from  2-5 cycles , the m otors will 
norm ally  be operating during the fault period in 
the stable regions of th e ir to rque-slip  c h a ra c te r­
is tic s  if the available term inal voltage is not below 
a ce rta in  m inim um  value as shown by the following 
exam ples:-
10 horsepow er induction m otor,
Full load slip = 2.9%
Full load power factor = 0. 86 
Full load efficiency = 87%
Inertia  fac to r = 0.13
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Assum ing the contribution of load m oment of inertia  
equal to that of the m otor,
the effective in ertia  facto r = 
Full load input volt am peres
0.26
10 x 746 
0. 86 x 0. 87
=  10,000
Kinetic energy sto red  in the ro tating p a rts  a t 
synchronous speed = 0. 26 x 10,000
= 2, 600 joules
T max s
Assum ing ———  = 2 .5  fo r the m otor, ------
1 s max T
from  Figure 10. 2, is equal to 0.22 fo r A = 00
2. 9
T herefore  the slip for maximum torque =
=  13.2%.
F or the approxim ate method, the instantaneous 
operating slip should be w ell below 13. 2%, otherw ise 
the m otor w ill not be working on the lin ea r p a rt of 
the to rque-slip  ch a rac te ris tic s .
Let the maxim um  p erm issib le  slip be 10%, a fte r 
which the m otor needs porm al voltage a t its  
te rm in a ls .
Kinetic energy re leased  by the ro tating p a rts
when the slip  in c reases  to 10%,
2 2 
= 2600 (0. 971 -  0. 9 )
= 2600 x 0.13284
= 346 joules.
Load torque 74600.971
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= 7700 watts.
Load power at 10% slip speed (assuming = Constant),
= 7700 x 0.9
= 6930 watts.
Average load power demand during the fault,
6930 + 7460 
( 2 '
= 7195 watts.
Let the fault clearance time be 0. 25 se c ., i. e. 12.5 
cycles on 50 cycle system.
The energy requirements for the load during fault 
time = 7195 x 0.25
= 1799 joules.
Let the voltage available to the motor fall to x per 
unit during the fault.
Motor electrical torque developed just after the fault 
= 7700 x 2.
Motor torque just before the fault clearance,
7700 
0. 029 (0.1) X2
26,500 X
(assuming the torque-slip 
characteristic to be linear)
Mechanical power output of the motor just after the 
fault,
2s 7460 x watts.
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Power output just before the fault is cleared = 23, 850 x watts.
Average mechanical power output of the motor during the fault,
= (7700 + 23, 850) x2 = 15,775 x2 watts.
2
Total energy provided by the motor during the fault,
= (15,775 x2) 0.25 + 346 = 346 + 3944 x2 joules.
Then equating the energy requirements,
346 + 3944 x2 =
2 1453
°r X 3944
or x = 0.608.
1799
0.37
i.e. If the fault clearance time is 0. 25 secs., the minimum 
voltage should not be less than 60. 8% of its initial value, and 
if the fault clearance time is reduced to 0. 2 sec., then the 
minimum voltage should be 58.5%.
In the case of a 1000 horse power induction motor, the
minimum voltage for 0.25 sec. fault clearance time should 
Tbe 51% when __= 3 and A = oo , whereas if the fault
T
clearance time falls to 0. 2 secs., the minimum voltage 
should be 48%.
The approximate method presented herein for the treatment 
of induction motors in transient stability studies is clearly 
limited by the assumption that the normally provided induction 
motor protective devices (such as protection against phase 
failure, under-voltage and over-current) do not operate during 
the fault periods employed. This assumption, although restrict­
ive to a degree, nevertheless enables a large proportion of the 
practical operating situations to be represented and is an
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assum ption which is  norm ally  used in stability  studies
224even when considering single induction m otors
5. 1. 2 Application to Stability P roblem s
The suggested rep resen ta tions of induction m otor loads may 
be employed in tran s ien t and dynamic stability  studies as d iscussed  below: -
5 .1 .2 . 1 P rocedure  for T ransien t Stability Studies
( a) Obtain an overall pow er balance under s tead y -s ta te  
conditions, in conventional form .
(b) C alculate the synchronous speed fo r the equivalent 
induction m otors a s :-  
60 f
pj
(c) C alculate the actual speed of the various m otors a s :-
n . = n .,. (1 -  s .)ooj lj ooj'
W here s ^  = 1 .4 x (equivalent slip)^ section (5 .1 .1 .6A),
(d) C alculate the various load torques as: -
f j
60 (motor load), rj . 
2 7T nooj
(e) C alculate the slopes of to rque-slip  c h a rac te ris tic s  as: -
a . 
J
T
l  J 
s
OOJ
(f) D eterm ine the induction m otor c u rre n ts  for the indqction 
m otor loads as: -
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(Induction m otor MVA in p e r unit) j 
j ( Load bus voltage) j
(g) D eterm ine the slopes of the c u rre n t-s lip  c h a rac te ris tic s  as: -
C\
J
I. -  I . 
.1 ° m J
s .
OOJ
(h) D eterm ine the equivalent shunt impedance fo r all the induction 
m otor loads on the b asis  of te rm inal voltage.
(i) Apply the d isturbance.
(j) Modify the slopes of to rq ue-slip  c h a rac te ris tic s  for a ll the 
load buses by equation (10. 6) fo r the cu rren tly  existing value 
of load bus frequencies and voltages.
(k) Modify the slopes of cu rre n t slip  c h a rac te ris tic s  fo r all the 
induction m otor loads by equation (10. 9), for the cu rren tly  
appropriate  value of load bus frequencies.
(l) C alculate the coefficient A’, from  the initial conditions at
J
the beginning of the tim e in terval "A t" from  equations 
(10.40) o r (10.44).
(m) Calculate the new instantaneous s lip s  at the end of the time 
in terval "At" by equations (10.41) o r  (10.45) .
(n) C alculate the instantaneous torques developed by the 
equivalent induction m otors a t the end of the tim e in terval 
"At", as: -
T . = s . . a.
oj oj J
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( o )
(P)
(q)
(r)
(s)
(t)
( u )
(v)
(w)
Calculate the instantaneous speed of the motors as,
f.
n.. (1 - s . ) 
i] oj
Calculate the active power input to the various equivalent motors as, 
2n ■ n .T . 
oj
J 60 rj .
Calculate the input current to the various equivalent motors at 
end of the time interval "At", as,
I .  =  ( I  •J omj f. + C" • s . ) x ( OJ
instantaneous bus voltage 
initial bus voltage h
Calculate the reactive power input from a knowledge of current, 
voltage and active power.
Represent each equivalent motor by its shunt impedance for the 
currently existing value of load bus voltages for the active and 
reactive powers obtained in steps (p) and (r).
Calculate the driving point and transfer admittances for the 
various synchronous machines.
Calculate the instantaneous angular position of the synchronous 
machines by solving their differential equations, for the time 
interval "At" (which is usually 0. 05 se c .)
Calculate the instantaneous load bus voltages and phase angles.
Calculate the instantaneous frequency at each load bus and modify
it with accelerating factor as,
f j  = f/   ^ + ( f - f .*  ^) x accelerating factor 
J J J J
(x) Test for convergence of power angles of various synchronous
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m achines to be within, say, 10 of a degree, and instantaneous
—6
load bus voltage and frequency to be within, say, 10 P .U . If the 
te s t  is  not satisfied , go to step (j) and repeat.
(y) W rite the final angular positions of the various synchronous 
m ach in es .
The method outlined above proceeds tow ards a solution iteratively .
F o r the purposes of highlighting the effects of frequency-dependent and 
dynamic rep resen ta tio n s  of induction m otor loads, the system  has been 
rep resen ted  a t sy stem  nominal frequency.
5 .1 .2 . 2 Illu stra tive  P roblem  Including Dynamic Loads
195A four-m achine problem  whose line d iagram  and c ircu it 
p a ram e te rs  a re  given in Figure (5 .13a) is offered as illu s tra tin g  the effects 
being considered . In this problem  an induction m otor load is  included a t 
bus no. 7 as a p a r t of the existing 84 MW total load. F ig u re (5 .13b) shows 
the swing cu rves fo r a ll the four synchronous m achines a sse ssed  by con­
ventional digital com puter p ro g ram s (for exam ple, as in Eef. 162), modified 
as indicated above to take account of dynamic frequency-dependent effects fo r the 
induction m achines. The following cases have been plotted in F igures (5 .13b&c):- 
(i) Considering the 84 MW load as passive.
* This problem  is  a lm ost identical with an example in reference  195, except 
that the p a r t of the load on bus 7 is not removed on occurrence of the fault.
The orig inal H fac to rs  a re  re ta ined  for the synchronous m achines because, 
in spite of the reduced am plitude of oscillations which occur re la tive  to 
those which would ex ist if m ore m odern (and sm aller) H fac to rs  a re  employed, 
the effects of frequency-dependence of induction m otor loads a re  still 
adequately dem onstrated .
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Fig. 5. 13(a) Line d iag ram  on 100 MVA 
base of 4 -m ach ine  pow er 
sy s tem  fo r il lu s tra tin g
stab ility  ca lc u la tio n s . .
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M/ C.  i
M / C/ 2
TIME IN
M/C.3BREAKER 1
__ fault  com p le t e ly  
c l e a r e oFAULT ON
F ig. 5. 13(b) Swing curves fo r  4-m achines when 14. 3% 84 MW load at bus no. 7 
is repi^esented as frequency-dependent and dynam ic.
------------------- W ith  passive loads.
------------------- "  equivalent c irc u its .
--------- ----------Approx, method w ith  assumed pa ram ete rs .
------------------- "  "  "  known "
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Fig. 5. 13(c) Swing curves for 4-machines when 40% 84 MW load at bus no. 7 
is represented as frequency-dependent and dynamic.
--------------  With passive loads.
--------------- " equivalent circuits.
---------------Approx, method with assumed parameters.
---------------" " " known "
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FAULT COMPLETELY CLEARED
FAULT ON BREAKER 1 
OFF
TIME IN SEC
Fig. 5 .13(d) Term inal voltage at bus no. 7 when loads represented  passively 
and 14. 3% of 84 MW load a t bus no. 7 is treated  as frequency- 
dependent and dynamic.
With passive load. 
" dynamic "
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(ii) With 14„ 3% of the 84 MW (that is  12 MW) trea ted  as
dynamic and frequency-dependent induction m otor load, 
being composed of sm all induction m otors.
(iii) With 40% of the 84 MW (that is 33.6 MW) trea ted  as in (ii).
It w ill be noticed that w hereas in case  (ii) the system  has been 
a sse ssed  as stab le, but with le ss  m argin  of stability  than case  (i), case  (iii) 
is  unstable. Indeed, w ith about 35% of the 84 MW load being trea ted  as dynamic 
frequency-dependent induction m otor load, composed of sm all induction 
m achines, the sy stem  just tends to instability .
(In obtaining the re su lts  p resen ted  in F igures (5 .13b and c), 
adequate convergence occurred  in 10 ite ra tions when an acce lera ting  fac to r 
of 1. 35 was used fo r instantaneous frequency convergence (no effo rt has been 
made to optim ise the tim e in terval chosen in the exam ple as the aim  has been 
m erely  to com pare the various calcu lations)).
5 . 1 . 2 . 3  A ccuracy of the Approxim ate Methods
An object of Section (5.1) has been to be able to a llocate 
induction m otor p a ram e te rs  (relying on conform ity to type) so that this 
inform ation may be useful to power system  p lanners to whom norm ally  only 
num ber of units and ho rse  power ra tings a re  known. By employing inform ation 
from  m anufactu rers and considerations as outlined in the Appendices, the 
cu rves of F igu res (5 .6a-e) have been found useful in allocating app ropria te  
p a ra m e te rs . To te s t  the o rd e r of accuracy  im plied by these m ethods, single 
m achines and groups of m achines have been studied with re sp ec t to th e ir 
behaviour over assum ed re a lis tic  power system  frequency excursions (as 
m ight be expected to be m et during pow er system  electrom echanical 
oscillations) by employing, on the one hand, accura te  inform ation and 
accu ra te  m ethods of computation; and on the o ther, assum ing typical
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param eters and employing approximate methods of computation. In spite of 
the fact that many assumptions have been made in the latter case, agreement 
between the two assessm ents (as shown in Figures (5.8, 5.9a and b) appears 
reasonable.
Because motor efficiencies follow a well defined pattern, 
active power changes during transient conditions can be predicted considerably 
better than reactive power changes, which depend on more diverse factors. 
Introduction of deliberate e rro rs in appropriate param eters for the conditions 
of Figures (5. 9a and b) and Table VI gives results such that active power 
changes are assessed by the approximate method of calculation to within 
+ 5% of the true changes when the following factors have their stated 
limiting conditions: -
(a) Power factor within + 5% of true value.
(b) Inertia factor within + 10% of true value.
(c) Full load slip within + 20% 0f true value.
Statistically, it is extremely unlikely that e rro rs  in assumed 
values for induction motor param eters would be outside the abovementioned 
tolerances, particularly on a system supplying large numbers of induction 
motors; results confirm this view.
Reactive power is influenced by many factors (Section (5.1.1. 6). 
It is subject to greater e rro rs  in calculation, but changes in reactive power 
can normally be computed to within + 20% of the true value (Figure (5.11)) 
and further, as shown in Appendix 3.0. 8,; change of reactive power has only 
a small effect on input active power, when the voltage is held constant.
A feature of the approximate method is the greatly reduced 
time for computations in relation to that required in the accurate method,
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TABLE VI
Showing the effect of e r r o r  in equivalent p a ram e te rs  on active 
pow er input to groups of induction m otors a t 51. 25 c /s  instantaneous 
frequency, when trea ted  dynam ically and frequency-dependent, for 
the frequency varia tions shown in F igure (5.1).
Active pow er 
input to 8175 
hp group
A ssessed  
change as % 
of tru e  change
Active power 
input to 3787.5 
hp group
A ssessed  
change as % 
of true change
R em arks
6.3410 MW - 2. 8240 MW - At 50 c /s  under steady- state  conditions.
6.5908 " 100% 2.9466 " 100% C alculations by actual equivalent c ircu it parameters.
6.5859 " 98.43% 2.9510 " 103. 5%
Calc ulations by app. method 
with known p a ram ete rs .
6.5870 " 98.87% 2.9470 " 100.32% C alculations by app. method with assum ed param eters .
6.5746 " 93.89% 2.9389 " 93.71% C alculations by app. method with 5% reduction in true 
equivalent power fac to r and 
20% reduction in true 
equivalent slip .
6.5986 " 103.53% 2.9522 " 104.56% Calculations by app. method with 10% increase  
in tru e  equivalent in e rtia  
facto r.
6.5818 " 96.78% 2.9410 " 95.43% C alculations by app. m ethod with 5% in crease  
in true  equivalent power 
fac to r.
6.5940 " 101.68% 2.9485 " 101. 55% C alculations by app. method with 10% increase  
in tru e  equivalent in e rtia  
fac to r 20% increase in true 
equivalent slip aid 5% 
reduction in tru e  equiva­
len t power facto r.
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as in this latter case, each induction motor must be treated individually. In 
view of the reasonable degree of agreement between the two, the former 
method seems preferable in most cases.
To demonstrate the utility of dynamic frequency-dependent 
considerations of induction motors on power systems and the degree of 
accuracy attainable with the proposed approximate method of calculation 
with machine parameters assumed from typical values (in the absence of 
actual figures), the example of Section (5.1.2. 2) has been presented. This 
shows clearly that the proposed approximate methods are sufficiently accurate 
in relation to what can be achieved by employing true induction motor parameter 
values.
5. 2 Frequency-Dependent Static Loads
These loads have been mentioned previously on page 
102, but little information is available on their frequency-dependent 
behaviour. Ref. 119, for example, gives some results on overall reduction 
in active power when frequency is reduced, but the information presented, 
being applicable to the particular system, and presenting an overall picture 
of load behaviour, does not separate out individual loads.
Static loads, except filament lamps and element heaters, are 
normally associated with additional static equipment - for example, discharge 
lamps employ shunt capacitors for power factor correction, arc furnaces 
employ series reactors to overcome lamp flicker in the system, and electric 
welders use series capacitors for power factor correction and to overcome 
the violent fluctuations in their power demands. It is clear that the frequency- 
dependent characteristics of static loads as regards active and reactive power 
demands, are influenced by compensating capacitors and reactors.
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The com position of static-loads, obtained from  load surveys, 
can be used conveniently in ascerta in ing  the com posite s ta tic-load  c h a rac te ris tic s  
w ith the aid of individual load c h a ra c te r is tic s , for use in stab ility  studies.
5 .2 .1  Influence of S tatic-Load C h arac te ris tic s  in Stability Studies
F igure  (5 .14a) indicates in general the active and reactive 
power inputs to a passive inductive c irc u it ve rsu s  instantaneous frequency.
It w ill be noted that the active power fa lls  linearly , w hereas the reactive 
pow er has a saddle point a t an operating frequency rep resen ted  by the point 
D, which gives the lim iting value of operating power fac to r a t which ^  
changes its sign. In the case w here synchronous m achines in a power 
system  acce le ra te  under d isturbed  conditions, the system  frequency 
in c reases , and the behaviour of the load c h a ra c te r is tic s  shown in F igures 
(5 .14a-d) w ill then be as follow s:-
If the system  is operating norm ally a t B in F igure (5 .14a), 
the active power fa lls  continuously, w hereas the reactive  power r is e s ; th is 
causes an additional voltage drop in the tran sm issio n  network, and as a 
re su lt of th is , the active power is fu r th e r reduced, resu lting  in a nett 
in c rease  in out-o f-balance active pow ers fo r  the synchronous m achines.
In this way the acce le ra tio n  of the synchronous m achines is prom oted, thus 
causing negative damping. In the case  w here the operating frequency is  a t 
the point E , both active power and reactive  power fa ll. Reduction of reactive  
pow er under th ese  c ircum stances ra is e s  the system  busbar voltages, thus 
reducing the nett change in active power, thereby causing positive damping.
In the p resence  of shunt com pensation by capac ito rs , the nett 
reactive  pow er c h a ra c te r is tic  is derived  by subtracting capacitive V ars from  
inductive V ars over the frequency range, a s  shown in F igure (5 .14b). The 
effect of such com pensation is to sh ift the saddle point of the reactive pow er
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Fig. 5. 14(a) General variations of active and reactive powers for passive 
loads as a function of frequency.
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FREQUENCY in Z i S
Fig. 5 . 14(1>) Effect of shunt compensation  by cap ac i to rs  fo r  Fig. 5. 1 1(a).
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c h a rac te ris tic  to low er frequencies. Under these c ircum stances, the reactive 
pow er falls a t a g re a te r  ra te  than without com pensation, thereby boosting up 
the busbar voltages, and causing an in c rease  in active power in the system .
In this way, the reduction in active power in the orig inal ch a rac te ris tic  
(without com pensation), may be o ff-set, and may possibly make the change 
even positive, thus introducing positive damping.
A rc furnaces and e lec tric  w elders cause violent fluctuations
in active and reac tiv e  power inputs, and a re  a root cause of lam p flicker.
To counteract such fluctuations, s e r ie s  capac ito rs  a re  som etim es usec?^9.
Under these c ircu m stan ces  the nett reactive  power c h a rac te ris tic  is derived
by subtracting  capacitive V ars from  inductive V ars over a frequency range,
a s  shown in F igure  (5 .14c). Such com pensation affects both active and
reactive  power c h a ra c te r is tic s , producing a saddle point in the active
power inpuU characteristic  a t the se r ie s  resonant frequency, which may
occur a t the norm al system  operating frequency (for 100% compensation),
o r  below th is , but not above the norm al, because the la t te r  would involve
over-com pensation , which is not usually provided. Active power behaves
in a lm ost the sam e way a s  before, but its  ra te  of fall is  enhanced, w hereas
the reactive  pow er may change the nature of its  behaviour. For exam ple,
if the system  is operating at A, as shown in F igure  (5.14c), the c ircu it is
operating a t above its  resonant frequency, the active power fa lls  (as the
frequency r is e s  due to the synchronous m achine acce leration  assum ed in
dQth is d iscussion), and —  is positive. This causes reduction in system  
voltages as  d iscu ssed  e a r l ie r  and in troduces negative damping. This 
situation re q u ire s  p a r tic u la r  attention, because it changes — from  negative 
(with no com pensation) to positive (with com pensation), depending on the 
degree of com pensation. Com paring se r ie s  com pensation with shunt 
com pensation, the saddle point of the reactive  power c h a rac te ris tic  is
154
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Fig. 5 .14(c) Effect of se rie s  compensation by capacito rs for 
Fig. 5.14(a).
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frequency in c/ s
F ig. 5. 14(d) E ffec t of shunt compensation by reac to rs  fo r  F ig. 5 .14(a).
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shifted  tow ards a h igher frequency by the fo rm er, and tow ards a low er 
frequency by the la tte r ,
In o rd e r to m am tain good voltage regulation from  no-load to 
full load conditions, the high capacitive reactance  effect of long high-voltage 
tran sm issio n  lines is  overcom e by the shunt re a c to rs  insta lled  a t various 
points along the length of line. Under these  c ircum stances the nett reactive 
pow er load c h a rac te ris tic  is derived by adding the inductive V ars consumed 
by the shunt re a c to r  to the bus load reactive  power c h a rac te ris tic , as shown 
in Figure (5 .14d). The saddle point of the reactive  power ch a rac te ris tic  is 
shifted tow ards a h igher value of instantaneous frequency and behaves in the 
sam e way as in the case of s e r ie s  com pensation by capac ito rs .
In the case w here synchronous m achines in a power system  
dece le ra te  under d isturbed  conditions, that is, the instantaneous operating 
frequency at the load bus falls; the load c h a rac te ris tic s  shown in F igures 
(5 .14a-d) w ill influence the behaviour of the pow er system  synchronous 
m achines as  follows: -
In Figure (5 .14a), the active power demand r is e s  continuously, 
w hereas the reactiv e  varia tions depend upon the operating point; fo r example, 
if the system  is  operating at the point B, the reactive  power demand falls , 
thereby im proving the system  voltages and enhancing the active power 
dem ands, producing negative damping; w hereas if the system  is operating 
a t the point E, the reactive  power demand r is e s , which reduces the system  
voltages, the active power demand falls and in this way positive damping 
re su lts .
In F igure  (5 .14b), the reactive  power varia tions depend upon 
the degree of shunt com pensation and the position of the saddle point. The 
rapid  ra te  of r is e  in reactive  pow er in troduces positive damping because
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the active power demand is reduced by reduced available system  
voltages.
In Figure (5 .14c), the active power demand rise s  with an
enhanced ra te , which is responsib le fo r negative damping, w hereas the
reactive  power demand depends on the instantaneous operating point. If
the system  is operating a t the point A, th e re  ex ists  negative damping
because ^77 is  positive, as explained e a r lie r . The presence  of shunt dr
re a c to rs  shown in F igure (5 .14d) w ill influence the behaviour of the 
system  in the sam e m anner as d iscussed  w ith se r ie s  capacito rs  in 
F igure (5 .14c).
5 .2 .2  Frequency-Dependent T reatm ent of System Static Loads
5.2.  2.1 F ilam ent Lamps and Elem ent H eaters
The power input to these loads is substantially  independent 
of operating frequency, but depends upon te rm ina l voltage. R epresentation 
by a fixed shunt re s is tan ce  corresponds to varia tion  of active power as 
dependent on the square  of the instantaneous busbar voltage, which is a 
sufficiently adequate approxim ation fo r p rac tica l purposes.
5 . 2. 2 .2  D ischarge Lamps
D ischarge lam ps have higher colour tem peratu re , higher
172luminous flux p e r  w att, and longer life than have filam ent lam ps , and
154 223accordingly have becom e increasingly  popular ’ . All d ischarge
lam ps req u ire  a s tab ilising  b a lla st which may be a re s is tan ce , inductance 
o r  capacitance, but the m ost common is the inductive b a llast. The b a lla s ts  
have iron lo sse s  which depend upon the instantaneous frequency and flux 
density. When the  voltage is held constant, an in c rease  in instantaneous 
frequency gives a reduction in magnetic flux density in the iron core; in 
th is  way the in c rease  in  iron  lo sses  due to frequency changes alone is
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approximately off-set by reduction in iron losses due to flux density changes 
as in the case of induction motors discussed in Section (5.1.1. 3).
Figure (5 .15a) shows an equivalent circuit for a discharge lamp.
Ballast
+-'/7nnr'— A /w
Shunt
Compensation
Lamp Resistance
Fig. 5 .15(a) Equivalent circuit for a discharge 
lamp.
The effective resistance of the lamp depends upon the instantaneous current, 
as explained in Section (5. 2.2. 4). Figure (5 .15b) indicates the active and 
reactive power inputs versus operating frequency to a typical combination 
of discharge lamps; the results indicate 1. 02% reduction in active power 
and 1.15% reduction in reactive power when the operating frequency rises 
by 1% in the absence of shunt compensation. Operating power factor varies 
from 0. 5 to 0. 55, consequently shunt capacitors are usually employed to 
improve these values to between 0. 8 to 0. 9, either individually or in groups. 
In the presence of shunt capacitors, the active power remains unaffected, 
but the rate of fall of reactive power with frequency is increased, as shown 
in Figure (5 .15c).
5. 2. 2. 3 Mercury Arc Rectifiers
In the last decade the mercury arc rectifier has been used
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Fig. 5 .15(b) Active and reactive power inputs to various discharge lamps 
as a function of frequency.
----------------  Active power.
---------------- Reactive power.
0 — Fluorescent lamps (4 - each 40 watts).
O— Sodium vapour " (2 - " 125 " ).
A — Mercury " " (2 -  " 400 " ).
dN!
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NO COMPENSATION
( p o w e r  f a c t o r  : o - 5 ) at so c / s
yWlTH SHUNT COMPENSATION BY CAPACITORS
( POWER FACTOR : 0 • 8 ) AT SO C/S
(POWER FACTOR: 0 - 9 )
_ AT SO C/S
FREQUENCY IN C /S
r
Fig. 5. 15(c) Effect of shunt compensation by capacitors for specified power 
factors for discharge lamps as a function of frequency.
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extensively for d. c. tran sm issio n  links, and in investigating these system s
23:for stability under d isturbed conditions, it has been rep resen ted  in detail 
In studies on industrial applications, however, m ercury  a rc  re c tif ie rs  have 
been rep resen ted  sim ply by shunt im pedances independent of frequency : it 
is necessary  here  to consider frequency-dependent rep resen ta tion5!5
Figure (5 .16a) indicates an equivalent c ircu it of a m ercury  
a rc  rec tifie r, in which the plasm a res is tan ce  is a very sm all p a rt of the 
total resistance  of the c ircu it, and can be trea ted  as constant. The
- w w —
P lasm a
R esistanceSupply T ran sfo rm er
D .C .
Load
Fig. 5 . 16(a) Equivalent c ircu it for a m ercu ry  a rc  
re c tifie r.
inductive.reactance is frequency-dependent and its variation  with instantaneous
frequency will affect the active and reactive  power inputs. By controlling the
firing angle, the m ercu ry  a rc  re c tif ie r  can be operated  e ith e r for constant 
157voltage output o r for constant cu rren t output (as in e lectrochem ical 
109p ro cesses  ). Figure (5 .16b) indicates active and reactive  power inputs 
to a m ercury  a rc  re c tif ie r  when supplying a constant d . c .  load cu rren t.
The active power reduction with r ise  in frequency is sm all for this constant 
re s is tan ce  inductive load, and is of the o rd e r of 0. 5% for 1% in crease  in
* M ercury a rc  re c tif ie r  applications a re  assum ing le ss  im portance (except 
for high voltage D. C. tran sm issio n  links), because of increasing  use of 
sem iconductor devices.
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ACTIVE POWER
REACTIVE POWER
" © ----  T3T -— Q—  __£)
FREQUENCY IN C/S
Fig. f>. 1 Active and reactive inputs to a 10 KW mercury arc rectifier
(when supplying 20 amps. d .e . ) as a function of frequency.
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frequency, as shown in equation (10. 54) of Appendix (10.10); reactive power 
reduction is  1% fo r 1% in crease  in frequency.
5 .2 . 2 .4  Arc Furnaces
The a rc  has a falling volt-am pere ch a rac te ris tic  as shown
in Figure (5 .17a) and is consequently unsuitable fo r a constant voltage supply.
F o r sa tisfac to ry  operation, a stab ilising  se r ie s  re s is tan ce  o r  reactance  is
essen tia l, and in general, tra n sfo rm e rs  with high leakage reactance, usually
172supplem ented by se r ie s  re a c to rs , a re  employed . Long e lec tric  a rc s  in
15Sa i r  have also been observed with slightly ris in g  vo lt-am pere ch arac te ris tic
172but usually the c h a rac te ris tic  is falling . The total reactance in the c ircu it 
depends upon the instantaneous frequency.
F igure  (5 .17b) indicates an equivalent c ircu it fo r a n  a rc  
furnace. The a rc  re s is tan ce  is  current-dependent and falls when the cu rren t 
r is e s ,  resu lting  in a reduced a rc  voltage, as shown in Figure (5.17a). 
C onsidering the voltage drop ac ro ss  the total effective re s is tan ce  of the 
c ircu it (A to B), the fa ll in a rc  voltage is  approxim ately com pensated by 
the voltage drops due to the im pedances of the main tran sfo rm er, buffer 
re a c to r , furnace tran sfo rm er, leads and e lec trodes.
In th is way the voltage drop a c ro ss  the effective re s is tan ce  
of the c irc u it becom es approxim ately constant, indicating R0*^» and the 
input active pow er is d irec tly  proportional to the furnace c u rren t. From  
the c h a ra c te r is tic s  of a rc  furnaces plotted in R eference 109 (page 227), and 
in R eference 182, it  is  observed that the total input active power to an arc  
furnace, is d irec tly  proportional to the a rc  c u rren t over the w orking range.
An a rc  furnace load varies  violently during the whole of its  
operation  except during refining. The violent change in active and reactive 
power draw n from  a pow er system  causes violent voltage fluctuations and
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Fig. 5. 17(a) Volt-amp. characteristic of an arc in a ir .
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F ig . 5 .17(b) Equivalent c ircu it for an A rc Furnace
1— Main tra n s fo rm e r
2— Buffer reac to r
3— Furnace tra n sfo rm e r
4— Electrode re s is tan ce
5— Arc resistance
6— Furnace leads
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re su lts  in lam p flicker. In o rd e r to investigate the effects of a rc  furnaces
in a power system , a com prehensive survey of a rc  furnace insta llations
16 9
w as c a rrie d  out by an AIEE sub-com m ittee with the object of reducing 
objectionable lam p flicker. The co rrec tiv e  equipment suggested w as the 
use of buffer re a c to r s 16 ^ and synchronous co n d en se rs166, and la te r , s e r ie s
capac ito rs  (for reduction of synchronous condenser size
167, 168
202 .). The inclusion
of buffer re a c to rs  is  sim ple and cheap but affects the overall pow er
fac to rs . Due to the inductive reactance being frequency-dependent, the input
active and reactive  power is inversely proportional to the instantaneous
frequency as  shown by equations (10. 51) and (10. 53) of Appendix (10. 9).
F igure  (5 .17c) indicates active and reactive  power inputs to a 45-ton a rc
furnace w ith and without buffer reac to r. The synchronous condenser, if 
168insta lled  , w ill provide the en tire  reactive  power fo r the a rc  furnace a t 
full load and roughly 50% of that absorbed in the buffer reac to r. In this 
situation, the synchronous condensers should be trea ted  dynam ically for 
stab ility  studies of the power system  as a whole.
5. 2. 2. 5 E lec tric  W elders
F o r  both a rc  welding and re s is tan ce  welding, the e lec trodes
a re  supplied by special high leakage reactance tra n sfo rm e rs , and usually
109operate  at 0. 2 to 0. 3 power factor . In th is case , the power drawn by
a w elder w ill be e ither full on o r full off, and th is causes violent fluctuations
in active and reactive  power inputs and causes lamp flicker; for th is  purpose,
202s e r ie s  cap ac ito rs  a re  used, due to th e ir instantaneous response . The 
p resen ce  of s e r ie s  capac ito rs  in w elder c ircu its  aggravates the varia tions 
in active and reactive  power inputs when the instantaneous operating 
frequency changes. F igure (5.18) indicates the active and reactive 
pow er inputs to a 200 KVA w elder with se r ie s  cap ac ito rs .
M
W
 &
167
» ------- -Q-_____ n  A^ Tf^ P O W F P
* e a c “ e ~ o
J‘ '• buff£« « A ctors
REACTIVE POWER
—  Q— ^ ° < J T  BUFFER
“ O   — A
FREQUENCY IN C/S
Fig. 5 . 17(e) Active and reactive power inputs to an arc furnace 
as a function of frequency.
Furnace transform er rating 30MVA
Xr -  50% at 50 c /s .furnace
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FREQUENCY IN C/S
Fig. 5.18 Active and reactive power inputs to a 200 KVA electric welder 
with series compensation (for 0. 8 power factor lagging) as a 
function of frequency.
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5 .2 .3  R epresentation of Frequency-Dependent Static Loads
Static loads m et in p rac tice  can be rep resen ted  by an equivalent 
c ircu it, such as by res istan ce  and inductance in se r ie s ; inductive reactance 
v a rie s  d irec tly  with instantaneous frequency, and the effective res is tan ce  of 
the equivalent c irc u it may be current-dependent, o r independent. As shown 
in the Appendices (10. 9) and (10.10), equations (10. 51) and (10. 54), the 
active power input to an inductive c ircu it in which the effective res is tan ce  
is  curren t-dependent o r  constant, falls when the instantaneous frequencjr 
r is e s ,  and the reac tiv e  power input v a rie s  inversely  with frequency when 
the effective re s is ta n c e  is  current-dependent, equation (10. 53). Also from  
Appendix (10.10), the reactive  pow er c h a rac te ris tic  of an inductive c ircu it 
in which the effective re s is tan ce  is  constant, has a saddle point when the 
operating power fac to r is 0.707 lagging : that is, the reactive  pow er is 
m axim um  a t th is  power facto r. At power fac to rs above 0.707, ~  is 
positive, and below this, ~~ is negative.
5 . 2 . 4  Application to Stability Problem s
The fac to rs  d iscussed  above may be im portant in a ssess in g  
pow er system  stab ility . N ecessarily , inform ation is  requ ired  on the 
com position and type of power system  loads, and  this w ill norm ally be 
availab le in each case . F o r stability  studies, each system  load can be 
divided with the aid cf a load survey into four com ponents:-
(a) M ercury a rc  re c tif ie rs .
(b) R esistance loads.
(c) Induction m otor loads.
(d) Lighting loads, a rc  fu rnaces and e lec tric  w elders.
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M ercury a rc  re c tif ie rs  used fo r electrochem ical purposes 
can  be adequately rep resen ted  by constant cu rre n t sinks as fa r  as the bus 
voltage is  concerned, and by constant resistance  inductive c ircu its  fo r 
frequency-dependent considerations, otherw ise they can be trea ted  in m ore 
d e ta i l233.
The re s is tan ce  load can be rep resen ted  by fixed shunt
conductance, w hereas the induction m otor loads can be handled dynam ically
*
and frequency-dependently as  p resen ted  in Section (5.1) o r by lumped im pedances.
F rom  Sections (5.2. 2. 2) and (5. 2. 2. 4) it is  observed that 
the effective instantaneous res is tan ce  of d ischarge lam p loads and arc  
furnace loads v a rie s  inversely  with the instantaneous value of cu rren t.
Such loads a re  predom inantly affected by voltage, in p a rticu la r for 
reactive  pow er dem ands as shown in F igure (5.19).
The usual operating power facto r for d ischarge lam p loads 
is 0. 5 to 0. 55 lagging. In the  case w here the bus voltage fa lls  to 50% or 
below under d istu rbed  conditions, the inductive p a rt of the load will 
d isappear, leaving only the capacitive p a rt (the usual shunt com pensation). 
S im ilarly , a rc  furnace loads, which norm ally operate a t 0.707 to 0. 9 
pow er facto r, w ill tu rn  off if the bus voltage fa lls  to 75% o r  below, due to 
inadequate voltage available to m aintain the a rc .
Lighting loads consist mainly of d ischarge lam ps, as pointed 
out e a r l ie r  in Section (5. 2. 2. 2). The d ischarge lam p loads and a rc  furnace 
loads need specia l attention in stability  studies because of possible inadequate 
voltage becom ing available to them  during the d isturbance. They can be 
rep resen ted  by an inductive c ircu it having current-dependent re s is tan ce  and 
instantaneous frequency-dependent reactance.
* The underlying assum ptions regarding the tripping by protective re lays of 
induction m o to r loads, have been explained on pages 137 & 244.
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•/. CHANGE IN VOLTAGE
Fig. 5. 19 Active and reactive power inputs to a circuit with current-dependent 
effective resistance as a function of terminal voltage.
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5. 2. 4 .1  P rocedure  fo r Stability Studies
Using a digital com puter, the following approach may be usedr-
(a) Obtain an overall load balance under steady sta te  conditions,
195in conventional form
(b) Calculate the effective re s is tan ce , inductive reactance 
and the c u rren t for current-dependent re s is tan ce  loads.
(c) Apply the d isturbance.
(d) C alculate the various bus voltages of in te re s t.
(e) Modify the inductive reactance  of the netw ork for the 
bus voltage instantaneous frequencies.
(f) D eterm ine the instantaneous cu rre n t fo r the c u rre n t-  
dependent re s is tan ce  loads.
(g) Modify the instantaneous effective re s is tan ce  of each 
static  load c ircu it as,
^  ■ Initial cu rren t________
in itia l Instantaneous cu rre n t
(h) T est fo r convergence, that is, the d ifference in
re s is tan ce  R fo r two successive  ite ra tions, should
0
be w ithin a p redeterm ined  index, say 1 p a rt in 10 ; 
if the te s t is  not sa tisfied  re tu rn  to step (f) and repeat.
(i) D eterm ine the instantaneous active and reactive  pow er 
and corresponding shunt adm ittance on the b a sis  of 
instantaneous bus voltage.
(j) D eterm ine the driving point and tra n s fe r  adm ittances 
for the various synchronous m achines.
173
(k) Calculate the instantaneous angular position of the 
synchronous m achines by solving th e ir d ifferential 
equations, fo r the tim e in terval "A t"  (which is  usually 
0. 05 s e c . ).
(Ü ) C alculate the instantaneous load bus voltages and 
phase angles.
(m) Calculate the instantaneous frequency a t each load bus 
and modify it by an acce lera ting  fac to r as,
f i = f} 1 + (f i -  f.i 1) x accelerating  fac to r 
J 3 3 3
(If an accelerating  fac to r of 1. 35 is used, convergence 
norm ally occurs w ithin 10 iterations).
(n) Test fo r convergence fo r the power angles of the various
synchronous m achines to be such that the difference in
th e ir  values in two successive ite ra tions is  w ithin, say 
-310 degrees, and the instantaneous load bus voltage
and frequency d ifferences fo r successive  values is
0
within say  1 p a r t in 10 . If the te s t is not satisfied , 
re tu rn  to step (e) and repeat.
(o) W rite the final angular positions of the various 
synchronous m achines.
The method outlined above proceeds tow ards a solution
itera tive ly .
5. 2. 4 .2  Illu stra tiv e  P roblem  Including Static Loads
In o rd e r to highlight the influence of such passive  frequency-
195dependent and voltage-dependent loads, a four-m achine problem  , the line
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diagram  and c ircu it param eters*of which a re  given in Figure (5.20a) and 
Table I, is  worked out. In this problem , a passive frequency-dependent 
load is included a t bus no. 7 as a p a r t of the existing 68 MW total load, 
while rep resen ting  the rem aining system  a t system  nominal frequency.
F igure (5. 20b) shows the swing cu rves fo r all four synchronous m achines 
a sse sse d  by conventional digital com puter p rogram s (used for exam ple in 
Ref. 162), modified as indicated above to take account of the frequency 
effects. The following cases have been plotted in F igures (5. 20b and c ):-
(i) C onsidering the 68 MW load as constant shunt 
impedance independent of instantaneous frequency.
(ii) With 15% of the 68 MW (that is 10. 2 MW), trea ted  
as current-dependent and frequency-dependent load.
(iii) With 40% of 68 MW (that is 27. 2 MW) trea ted  as in (ii).
It w ill be observed from  F igures (5. 20b and c) that the system  
is  a sse ssed  as stable in case  (ii), but with le ss  m argin  of stab ility  than case 
(i); case  (iii) is unstable.
The reason  fo r a reduced m argin  of stab ility  is  due to 
reduced bus voltage available fo r the load a t bus no. 7 under fault 
conditions, and a fte r the fault, as shown in Figure (5.20d). It is  note­
w orthy that a system  which can appear to be stable when neglecting the 
frequency-dependence of loads in the assessm en t, may be unstable when 
frequency-dependence is  taken into account. In the above instance when 
the to tal "passive" load is  25% of the total a t bus no. 7, the system  verges 
to instab ility  when frequency-dependence is  taken into account, but will 
to le ra te  an additional load of approxim ately 10 MW (at bus no. 7) before 
instab ility  is apparently reached when frequency-dependence is  neglected.
* The configuration and p a ra m e te rs  a re  identical with a problem  as  taken 
from  Ref. 195, as these illu s tra te  the effects requ ired  adequately.
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Fig. 5. 20(b) Swing curves fo r Fig. 5. 20(a).
------------------  With loads independent of frequency.
------------------ "  15% at bus no. 7 frequency-dependent load.
_ _ _ _ _ _  M 40% M "  "  •• *1 tl
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Fig. 5. 20(c) Relative swing curve for machine no. 1 with respect to machine no. 3.
----------------  With loads independent of frequency.
----------- —  " 15% at bus no. 7 frequency-dependent load.
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FAULT ON FAULT COMPLETELY CLEAREDBREAKER 
l OFF
0*3 0*4
TIME IN SECS
Fig. 5. 20(d) Terminal voltage at bus no. 7.
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5 .3  D iscussion
5 .3 .1  Influence of Dynamic Loads
Induction m otor loads a re  affected m ore by instantaneous
119 156operating frequency than by operating voltage ’ , fo r th e ir  active power
dem ands, because they adjust th e ir  working slips according to the available 
voltage and the m echanical load c h a rac te ris tic s , thus drawing approxim ately 
the sam e active power for a constant m echanical output power. The four- 
m achine problem  worked out in Section (5 .1 .2 . 2) to illu s tra te  the influence 
of system  dynamic loads, indicates negative damping due to such loads, and 
th e re  is a reduction in the tran s ien t stab ility  m argin . The m ain reason  for 
the reduced m arg in  of stability  is  the presence  of reduced voltage soon 
a fte r  the fau lt and a fte r  its  c learance . This reduction in voltage is 
aggravated by the induction m otor load a t bus no. 7, as shown in Figure 
(5 .13d), because due to reduced te rm ina l voltage, the induction m otor 
load (at bus 7) e x e rts  ex tra  load *, so prom oting deceleration  of machine 
no. 3, and reducing the m argin  of stability . In a case  where machine no. 3 
acc e le ra te s , the induction m otor load w ill ex ert positive damping, thereby 
increasing  the stab ility  m argin  o r the perm itted  fault c learance  tim e.
5 .3 .2  Effect of Static Loads
Static loads have previously been reported  to be m ore
129influenced by te rm in a l voltage than by the operating frequency , but 
in fact these loads a re  frequency-dependent as well as voltage-dependent 
as  shown in Section (5.2. 2), by the experim ental re su lts . The rep resen ta tion
* The te rm  "ex tra  load" signifies the d ifference in active power demand 
o f the load at bus no. 7 with passive rep resen ta tion  and when rep resen ted  
dynam ically and frequency-dependently.
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of a rc -fu rn a c es  and d ischarge lam ps by current-dependent effective 
re s is tan ces , rev ea ls  that the active power demand w ill be d irectly  
proportional to the c irc u it cu rren t, which is confirm ed from  the operating 
c h a ra c te r is tic s  of such loads in R eferences (172 and 182). During d isturbances, 
such s ta tic  loads o ffer ex tra  load* due to the reduced available voltage. F or 
exam ple, in Section (5. 2 .4 .2 ) , in the tran sien t stab ility  study problem , the 
static  load a t bus no. 7 offers ex tra  load due to reduced available voltage 
during the fault, and a fte r the c learance  of the fault : th is has resu lted  in 
reduction in stab ility  m argin.
In the exam ple, the ex tra  load applied by the static  loads has 
prom oted dece le ra tion  of machine no. 3. However, if m achine no. 3 happened 
to be acce lera ting , then these loads would exert positive damping, resu lting  
in in c rease  in stab ility  m argin.
C erta in  static  loads requ ire  special attention. F or exam ple, 
a rc  loads may extinguish suddenly due to insufficient voltage to m aintain the 
a rc s , thereby reliev ing  the system  of load. This may c re a te  fu rth er problem s 
in the system  as  a p a rt from  the active load components being suddenly removed, 
the tra n s fo rm e r rem aining in the c ircu it w ill p resen t a mainly reactive power 
demand (although th is  will be only re la tive ly  sm all).
* The te rm  "ex tra  load" signifies the d ifference in active power demand 
with passive  rep resen ta tio n  (in which case, the active pow er is  d irec tly  
p roportional to the square of the voltage), and with current-dependent 
re s is ta n c e  and frequency-dependent inductive reactance (in which the 
active pow er dem and is  d irec tly  proportional to the term inal voltage).
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6. COMPREHENSIVE TRANSIENT STABILITY STUDIES
As pointed out in Section (1.2), changes in instantaneous
operating frequency under d isturbed conditions have been neglected in the
past, on the basis  that the effects a re  not only negligible, but that any
damping which a r is e s  is  positive and re su lts  in a system  which is sa fe r
195in fact than is  shown by calculations which neglect damping
The magnitude and natu re  of transien t frequency variations 
occurring  on a power system  have already been d iscussed  in Section (2), 
and the effects of such tran sien t frequency variations on individual power 
system  components (synchronous m achines, tran sm issio n  network, loads) 
have been studied separately  in Sections (3, 4 and 5). Each of these separate  
studies has been n ecessa rily  incom plete because of the tight inter-dependence 
between the various p a rts  of the system  c h a ra c te r is tic s  and the actual m agni­
tudes of the frequency excursions. However, it has been considered w orth­
while to conduct the separa te  studies in o rd e r to iso la te  and highlight the 
frequency deviation effects in each power system  component.
It is  the aim  of the p re sen t section to in tegrate  all of the 
effects previously considered, and to obtain a com prehensive and rea lis tic  
a ssessm en t of power system  tran sien t stability  behaviour when frequency 
deviation effects a re  properly  included. At the same tim e, all o ther 
refinem ents in rep resen ta tion  of power system  components hitherto 
available can also be introduced. This w ill enable a com parison of the 
a ssessm en t of a p rac tica l power system  with and without the inclusion of 
instantaneous frequency effects, thus allowing a judgm ent to be made on 
the necessity  o r  o therw ise of including such additional refinem ents. It will 
be seen below that the im plication from  the separa te  studies, that is, that 
neglect of instantaneous frequency effects can som etim es lead to erroneous
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and unsafe p red ic tions, is reinforced, and two re a lis tic  power system  exam ples 
confirm  th is .
Including the effects of instantaneous frequency deviations in 
transien t stab ility  calculations w ill tend to produce a m ore accurate  a s s e s s ­
m ent of actual system  behaviour and should allow system s to be designed and 
operated c lo se r to th e ir stability  lim its.
6.1 System R epresentation
It is  considered that as com prehensive a rep resen ta tion  as 
is  possib le  should be employed in o rd e r to give a detailed trea tm en t of power 
system  behaviour when introducing instantaneous frequency variations. 
Accordingly, the various components of a power system  a re  rep resen ted  
as below, and it may be noted that the calculation p rocedure of Section (6. 2) 
can be adapted read ily  to take account of any existing refinem ents in calcu la­
tions. It is s tre s s e d  however, that in p rac tice  on existing power system s, 
com prehensive inform ation for a detailed study is not readily  available and 
the accuracy  of data is often uncertain, thereby introducing substantial 
d ifficu lties in attem pts a t p rec ise  system  studies.
6 .1 .1  Synchronous Machines
A part from  introducing instantaneous frequency effects on the
e. m. f . , in e rtia  fac to r and reactance (Section (3 .2 .1 )) , transien t damping
torques have been incorporated  (Section (3 .2 .2 )) , as well as rep resen ta tion
by the 2 -ax is theory , and the inclusion of voltage regu la to r, sa tu ration  and 
214 216
flux decay ’ . Although in th is study governor effects w ere neglected
due to in te re s t being centred  on the tran sien t period only, these may readily  
229be incorporated
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6. 1. 2 Transmission Network
Consideration of transmission network damping has been taken 
into account by modifying the network parameters (inductive 
reactances and capacitive susceptances of series and shunt 
branches) in accordance with instantaneous frequency 
variations of bus voltages and branch currents (Section 4. 1).
6 .1 .3  System Loads
Loads have been divided into three categories and represented
accordingly: -
(a) Frequency-dependent dynamic loads: synchronous 
motors are represented in a manner completely 
analogous to the representation of synchronous 
generators, while induction motors are represented 
either singly or in groups by the aid of appropriate 
torque-slip characteristics (Section (5.1.1)) or in
2142-axis form in the case of important induction motors
(b) Frequency-dependent static loads: arc furnaces, 
electric welders, mercury arc rectifiers and 
discharge lamps and others, are represented with 
due regard being taken of their frequency-dependent 
characteristics (Section (5.2.2)).
(c) Frequency-independent loads: represented by fixed 
impedances.
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In trea ting  a ll loads, account is taken of the instantaneous 
voltages existing a t the load buses and th e ir  influence on the respective loads.
6 .2 Stability Calculation P rocedure
In o rd e r to in tegrate  all of the effects introduced in Sections 
(3, 4 and 5), the following steps allow calculations of power system  tran sien t 
stab ility , including frequency-dependence as well as the m ore usual refinem ents.
(a) Obtain an initial power balance by the conventional
185m ethods of load flow study
(b) C alculate synchronous machine excitation voltage, 
e .m .f .  behind quadrature  axis synchronous reactance, 
and d irec t and quadrature  components of the machine 
cu rren t with re sp ec t to the re fe rence  bus.
(c) C alculate the equivalent induction m otor p a ram ete rs , 
fo r single m achines o r groups, w herever they occur 
in the system  (Section (5.1. 2 .1 )) .
(d) C alculate the cu rren ts  drawn and the load torques of 
the various equivalent induction m otors in (c), as 
w ell as the appropriate  slopes of th e ir  to rque-slip
and s ta to r c u rre n t-s lip  c h a rac te ris tic s  (Section (5 .1 .2 .1 ) ) .
(e) Calculate the initial cu rren ts , re s is ta n c es  and equivalent 
reac tances of the frequency-dependent and frequency- 
independent s ta tic  loads (Section (5 .2 .4 .1 ) ) .
(f) Apply the d isturbance.
(g) Form  the adm ittance m atrix  fo r the whole system .
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(h) Locate the system on an X-Y plane rotating with 
synchronous angular velocity at system nominal 
frequency (Section (2. 2. 2)), in order to allow 
handling of frequency deviation effects. That is, 
for conditions corresponding in the first instance
to zero time after the disturbance, and subsequently 
corresponding to the conditions applying to each 
new iteration, determine bus voltages, branch 
currents, resultant air gap fluxes and their 
phases (Section (4.1.1)).
(i) Determine the driving point and transfer 
impedances with all loads represented by their 
instantaneous equivalent impedances (Section (5.1.2)).
(j) Determine synchronous machine instantaneous 
angular positions by solving their differential 
equations. This gives the magnitude and location 
of the synchronous machine e.m .f. phasors at the 
end of a chosen step time interval, A t.
(k) For the new angular positions of the synchronous 
machine phasors, determine the various bus 
voltages, branch currents, their phase angles on 
the X-Y plane, their mean instantaneous frequencies, 
and the slip of rotors w. r. t. resultant air gap fluxes 
(Section (3.2.2)).
(£) Up to this point, the system has been treated at the 
instantaneous frequencies corresponding to those 
existing at the previous step, and must now be 
changed to correspond to the new instantaneous
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frequencies. In order to do this, the mean instantaneous 
frequency at each point in the system is modified by an 
accelerating factor to ensure effective convergence 
during the subsequent iterations necessary to achieve 
solution for the particular time interval, At.
Steps (m) to (q) then employ the modified mean 
instantaneous frequency.
(m) Determine the new induction motor power inputs and 
static frequency-dependent load inputs (Sections 
(5.1.2. 1 and 5.2.4.1)). Represent all loads, 
including frequency-independent loads, by their 
equivalent circuits on the currently existing values 
of bus voltages.
(n) Calculate synchronous machine damping (Section
229(3.2. 2.1)) and braking powers , and modify the 
accelerating power available to each synchronous 
machine.
(o) Modify synchronous machine e .m .f’s, stored 
energies, reactances, and the parameters of the 
transmission network.
(p) Test for convergence of the angular positions of
the synchronous machines, successive values of
which should be within a predetermined index,
-3say, within 10 of a degree. If the test is not 
satisfied, return to step (g) and recycle, employing 
a step time interval, At.
(q) Write the various quantities.
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For each step time interval, At, operation of the above 
schedule proceeds to a solution usually within 5 to 7 iterations if an 
accelerating factor of 1.35 (which has been found optimum) is used for 
step (l). A t may be chosen = 0. 05 seconds, as is usual in stability 
calculations.
The above procedure provides swing curves applicable 
to each operating condition of the network, that is, each time the condition 
of operation is changed (fault on, fault cleared and so on), it is necessary 
to perform iterations within the steps (f) to (q).
6.3 Representative Power System Studies
Two representative power system problems are discussed 
below, with the object of indicating,
(a) The varied nature in system behaviour possible;
(b) The relative influence and significance of the 
complexity with which the power systems are 
represented;
so that the degree of complexity of representation may be related to the 
value and effort involved in securing the appropriate results and to 
determine which assumptions may or may not be neglected.
For both problems, the cases given in Table VII have 
been calculated and plotted:-
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TABLE VII -  Methods fo r R epresenting Pow er System s for Calculation 
P urposes, and the C orresponding Computing T im es*
Method of R epresentation
4-M achine 
P rob lem  
(Section 6 .3 . 1)
Large In te r­
connected System 
(Section 6 ,3 .2 )
(i) As in conventional studies with 
synchronous m achines rep resen ted  
in 2-a x is  form , account being taken 
of voltage regu la to r, saturation , 
tran s ien t saliency and flux decay 
effects, but no frequency-dependent 
rep resen ta tio n  of any p a rt of the 
system .
0. 7 m inutes 7 .0  m inutes
(ia) As in conventional studies, but 
w ith synchronous m achines 
rep resen ted  by an e. m. f. 
behind d ire c t axis tran sien t 
reactance.
0 .4 r t 6 .5  M
(ii) With rep resen ta tio n  as in (i), plus 
the effect of change in machine 
e. m. f. , and sto red  energy in the 
moving p a rts .
1.1 M 9. 5 "
(iii) With rep resen ta tion  as in (ii), plus 
synchronous machine damping. 1. 5
i t 12.5 "
(iv) With rep resen ta tion  as  in (iii), plus 
the effect of change in transm ission  
netw ork p a ra m e te rs .
4 .4 M 51 M
(v) With rep resen ta tion  as in (i), p lus 
the effect of dynamic and static 
frequency-dependent loads.
4 .6 M 54 "
(vi) With rep resen ta tion  as in (iv), plus 
the effect of dynamic and static  
frequency-dependent loads.
5. 2 M 62 "
* Using an IBM 360/50 digital com puter.
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6 .3 .1  4 - Machine P roblem
Figure 3. 6(a) gives the line d iagram  of a 4-m achine problem  
based on an exam ple from  R eference 195. Each of the m ajor loads at buses 
5, 6 and 7, has been taken to have the following composition: -
50% induction m otor load
20% static  frequency-dependent load
30% frequency-independent load
119 127(The above com position conform s to common experience ’ ).
It may be noted that this system  includes a configuration in which a m ajor 
load is supplied by d istan t g en era to rs , that is , the g re a te r  portion of the 
loads a t buses 6 and 7 m ust be supplied by m achines 1 and 4.
A 3-phase to ground fault is applied close to bus 11 on the 
tran sm issio n  line shown in Figure (3. 6a). B reaker opens in 78 m s e c . , 
iso lating bus 11 from  the faulted line, and subsequently afte r 156 m sec. 
from  the tim e of fault inception, b reak er B disconnects the faulty
L a
tran sm iss io n  line, thus c learing  the fault.
F igures (6. la  - d) show the swing curves fo r the above 
tran s ien t d istu rbance when the system  is  rep resen ted  by the methods 
of Table VII. Figure (6. le )  gives the voltage varia tions at bus 7 while 
F igure (6. If) shows cu rren t varia tions in the branch between nodes 8 and 10.
The calculations and plotted re su lts  show c lea rly  that the 
system  is  subject to negative damping when instantaneous frequency effects
* Although these  re fe ren ces  a re  20 y ea rs  old, the above load com position 
can s till be approxim ately valid at p re sen t - fo r exam ple, it corresponds 
substantia lly  to the load on the N .S.W . System.
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FAULT OFF-**- —  FAULT CLEARED
ON 1
---------- TIME IN SEC
F ig . 6.1(a) Swing c u rv e s  fo r  m ach ine  No. 1 o f F ig . 3. 6(a).
( i ) -------------------  W ith  VOLT. / ^ G .  > S A T 7 V , TRANS. SAL. A /V O  FLUX ÖECAY.
( i i ) ------------------- ( i)  I in s tan taneous e ffe c ts  on m ach ine  e. m . f .  and M.
( i i i )  ---------------- ( i i )  + m ach ine  dam p ing .
( i v )  ----------------( i i i )  -+ t ra n s m is s io n  n e tw o rk  dam p ing .
( v ) ------------------ ( iv )  -t s y s te m  load v a r ia t io n s .
(v i) — * — * —  ( i)  + "  "  "
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w  50
-----FAULT CLEAREDB, OFF-FAULT
ON
-> T IME IN SEC
Fig. 0.1(b) S w iii" cu rves for machine no. 2 of Fig. 3.0(a).
( i )  --------------
( i i )  --------------
( i i i )  --------------
(iv) -  -
( v ) -------
(vi) — X.
With VOLT- R E G .,  S A T-zV ^r^ /V S -S A L.^ /V i) FLUX. D E C A Y .
--------(i) + instantaneous effects on machine e .m .f .  and M.
(ii) + machine damping.
—  — (iii) I transmission network damping.
— —  (iv) I system load variations.
— x—  (i) + " " "
♦•FAULT -**B OFF**------ FAULT CLEARED
ON
( f ------> TIME IN SEC
-100
Fig 6 . 1(c) Swing curves fo r  machine no. 3 of F ig. 3 .6(a).
(i)   W ith VOLT. R E G ., SATA/., T R A A'S- SA L , A N D  FLU X D E C A Y .
( i i ) ------------------(i) h instantaneous effects on machine e .m . f .  and M.
( i i i )  ----------------- ( ii)  machine damping.
( i v )  ----------------- ( i i i)  I- transm iss ion  netw ork damping.
(v) — ---—  (iv) + system  load va ria tions .
(vi) — * — *—  (i) + "  "  "
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* — * •
FAULT CLEAREDB. OFF
TIME IN SEC
F ig . 6 .1 (d ) Swing c u rv e s  fo r  m achine no. 4 o f F ig . 3 .6 (a ) .
( i)-------------
( i i ) -------------------
(iii) ---------------
( i v )  ----------
( v )  ---------
( v i )  — x -----* —
W ith  VOLT. R E G 't  S/17JV., 7~f?ANS- SAL. A N D  F L U *  DECAY.
( i)  + instan taneous e ffe c ts  on m ach ine  e . m . f .  and M.
( i i )  + m ach ine  dam ping .
( i i i )  + tra n s m is s io n  n e tw o rk  dam ping .
( iv )  + sys te m  load v a r ia t io n s .
( i) + "  "  "
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a re  considered. Although overall negative damping is  contributed to by 
the synchronous m achines them selves and by the tran sm issio n  network, 
the m ajo r effect re su lts  from  the dynamic loads which apply ex tra  load 
on decelerating  m achines due to the reduced voltage when instantaneous 
frequency considerations a re  included, a s  shown in Figure (6.1e), The 
in c reased  load supplied a t bus no. 7 resu lting  from  the above behaviour 
is  also dem onstrated by the increased  cu rre n t flowing between nodes 8 
and 10, shown in Figure (6. If).
A s a  com parison between the re su lts  achieved by the 
various calculation p rocedures of Table VII, the fault c learance  tim e, 
which causes the system  to be ju st on the point of instability  was 
ascerta ined  and is  shown in Table VIII
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TABLE Yin -  C om parison of C ritical Fault C learance Tim e by
Various Methods of R epresentation
Method of R epresentation
C ritica l fault c learance  tim e 
fo r the system  to be just on 
the point of instability.
4 -M achine 
P roblem  
(Section 6 .3 .1 )
Large In te r­
connected System 
(Section 6 .3 .2 )
(i) As in conventional studies with 
synchronous m achines rep resen ted  
in 2-axis fo rm , account being taken 
of voltage regu la to r, saturation , 
transien t saliency  and flux decay 
effects, but no frequency-dependent 
rep resen ta tion  of any p a rt of the system.
266 m sec. 498 m sec.
(ia) As in conventional studies, but 
with synchronous m achines 
rep resen ted  by an e. m. f .  behind 
d irec t axis tran s ien t reactance.
261 M 488 "
(ii) With rep resen ta tion  as in (i), plus the 
effect of change in m achine e . m . f .  , 
and sto red  energy in the moving p a rts .
272 " 510 "
(iii) With rep resen ta tion  as in (ii), plus 
synchronous m achine damping. 278 " 516 "
(iv) With rep resen ta tion  as in (iii), plus 
the effect of change in tran sm issio n  
netw ork p a ra m e te rs .
270 M 503 "
(v) With rep resen ta tion  as in  (i), plus 
the effect of dynamic and static  
frequency-dependent loads.
162 " 553 "
(vi) With rep resen ta tio n  as in (iv), plus 
the effect of dynamic and static 
frequency-dependent loads.
170 " 563 "
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Fault CLEa REO♦■fault
on
tim e  in  s e c .
F ig. 6 . 1(e) Voltage va ria tio ns  at bus no. 7 of F ig. 3 .6(a).
----------------  W ith V O iX  F f0 . ,  SATM, r ^ V S .  S A L .  A N »  F L U X  bE C A ' f .
------------ Including a ll the instantaneous frequency va ria tio n  effects.
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-‘- F a u l t - 
0 N
■b , OFP fault c lea r ed
time in s e c .
Fig. 6. 1 (1) C urrent variations through branch between nodes B and 10.
------------------ With VOLT. F E G . ^ S A T A / . ^ T R A ^ S . S A L .  FLU*.
----------------- Including all the instantaneous frequency
variation effects.
O E C A Y ■
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The m ajo r effect produced by the system  loads, particu la rly  
at bus 7, is dem onstrated  in the above re su lts .
Com paring especially  the calculations based on the conventional 
methods ( (i) of Table VII), with those which include com plete instantaneous 
frequency rep resen ta tion  in the system , a m ajo r difference in assessm en t is 
obvious. In view of the nature of this system , which is possibly a somewhat 
ex trem e case, th is d ifference is not su rp ris ing . However, the occurrence 
of fea tu res s im ila r  to the above is not unusual on m ajor power system s, and 
deserves carefu l attention.
6 .3 .2  Large Interconnected System
Figure (6.2) p resen ts  the line d iagram  for a large interconnected 
power system  s im ila r  to one projected  for South E aste rn  A ustralia. Branch 24 
is a proposed 330-kV tie -line  on which 50% se r ie s  capacitive com pensation is 
suggested, and fo rm s an im portant link. Although machine no. 1 has a large 
system  of 10, 000 MW behind it, finite ine rtia  is still used in the calculations 
(no infinite bus). In the p resen t study, a 3-phase to ground fault is  applied 
close to bus 24 on the tie  link (branch 24), followed by a dead tim e and 
subsequent rec lo su re . As in the problem  of Section (6 .3 .1 ), the various 
m ethods of rep resen ta tio n  of Table VII (i) -  (vi) have been employed in 
a ssess in g  tran s ien t behaviour of the system .
Tables IX to XIII inclusive provide fu rth er inform ation on 
the system  p a ram e te rs .
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I M/C. No. I
P =  1-0285
M/C. No. 2
-33 — 2 H:
M/C. No.4 
P  =i-i2i ( n
E ?  1-316
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TABLE IX -  T ransm ission  Line Impedances fo r F igure (6.2) on 1000 MVABase
B ranch
No.
Impedance 
in P,„ II.
Branch
No.
Impedance 
in P .U .
1 0 + jO.001 23 0.31 + j l .  69
2 0 + jO .307 24 0.235 + j l . 816
3 0 + jO .06 25 0 + jO .105
4 0 + jO .274 26 0. 016 + jO. 086
5 0.014 + j l .  199 27 0 + jO. 133
6 0 + jO. 1645 1 28 0.002 + jO. 022
7 0 + jO. 147 29 0 + jO .067
8 0 + jO .067 5 30 0.003 + j 0.043
9 0 + jO .0257 31 0. 009 + jO .278
10 0. 024 + jO. 157 32 0.133 + jO. 708
11 0.043 + jO. 478 33 0.439 + j2 .407
12 0.0055 + jO. 042 34 0.0613 + jO. 427
13 0.33 + j l . 08 35 0.014 + jO. 187
14 0.265 + jO .788 36 0.002 + jO. 021
15 0.7192 + j 2 . 11 37 0.144 + jO .785
16 0.005 + jO. 0705 38 0. Oil + jO. 152
17 0.0492 + jO. 342 39 0 + jO. 08
18 0.0095 + jO. 066 40 0.081 + jO. 443
19 0.0092 + jO. 103 41 0. 0178 + jO. 1989
20 0. 009 + jO .41 42 0.186 + jO. 559
21 0.409 + j l . 235 43 0.0154 + jO. 118
22 0.0314 + j l .69 44 0.644 + j l .  91
S eries  capacitive reactance  fo r Branch No. 24 1.0885 P .U
201
TABLE X - Load A dm ittances, on 1000 MVA Base, for Figure (6, 2)
Load Adm ittance in P .U . Load
Adm ittance 
in P .U .
Li 0.013 -  jO. 045 L10 0.489 -  j0 .25
L2 0.174 -  jO. 038 L11 0.193 -  jO .079
L3 0.118 -  jO, 043 L12 0.7 -  jO .376
L4 0.037 -  jO .012 L13 0.7  -  jO. 239
L5 0.055 -  jO. 02 L14 2 .4  -  jO .754
L6 0.062 -  jO. 007 L15 0.093 -  jO. 023
L7 0.318 -  jO .143 L16 0.66 -  jO .113
L8
0.306 -  jO. 0954 L17 2 .2  -  jO. 665
L9 0.791 -  jO. 397 L 18 0 .6  -  jO.O
TABLE XI -  Shunt Susceptances on 1000 MVA Base, fo r Figure (6, 2)
C apacitor Susceptance in P .U . C apacitor
Susceptance 
in P .U .
c i 0. 027 o
o
0.0389
S 0.0576 C11 0. 152
C3 0. 012 C12 0.0256
C4 0. 008 C13 0.0555
C5 0.022 C14 0.1234
C6 0. 02 C15 0.1169
C7 0.01171 °16 0.1632
C8 0.0655 C17 0.3461
0.1975 C10 0.1249 18
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TABLE XII -  Tap Settings fo r On-Load Tap C hangers, fo r Figure (6.2)
Tap Changer No. Tap Settings
1 1. 1
2 1.15
3 1.14
4 0.96
5 1. 05
6 0. 95
7 0. 95
TABLE XIII -  Synchronous Machine P a ra m e te rs , fo r Figure (6. 2\  on
1000 MVA Base
M /c
No.
Saturated 
Synchronous 
Reactance 
in P .U .
P o tie r 
R eactance = 
D irect axis 
T ransien t
Di rec t axis 
open c ircu it 
field tim e 
constant
Voltage Regulator 
C h arac te ris tic s  * 
(Conventional, 
Continuously Acting)
x d X q Reactance (XJj) (seconds)
1 0. 008 0. 001 0.0008 7 .5 Exponential Response.
2 1. 5 0.307 0. 22 7.5 Voltage Gain = 20. 
Total Excitation Tim e3 0.3 0. 06 0. 045 7 .5
Constant = 0. 5 seconds.
4 1.4 0. 274 0. 21 7 .5
(E xciter + Main G enerator
5 6. 0 1. 199 1. 0 7 .5 Field Winding).
6 0.75 0.1645 0. 13 7 .5
Voltage regu la to r gain fo r each machine has been adjusted so as to 
ju st overcom e changes in e. m. f. due to flux decay, in conformity 
with reasonable p rac tice  (as, for exam ple, suggested in Ref. 198).
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Loads on each of the buses 8, 10, 12, 13, 14, 18, 20, 23,
26, 27, 30, 31 and 36 are composed of induction motors, 50%; static 
frequency-dependent loads, 20%; and static frequency-independent loads,
30%.
Relative swing curves for the above disturbance are plotted 
in Figures (6.3a-c); instantaneous frequencies at several machine terminals 
are given in Figure (6.4); Figure (6.5) shows various instantaneous 
frequencies of machine e.m.f.  and resultant air-gap flux for machines 5 and 
6; Figures (6. 6a-d) give(the voltage variations on several key buses;
Figures (6.8a, b) give the current variations in branches 18 and 31 respectively.
The results show overall positive damping, a major reason for 
this being due to influence of the loads, through the action mainly of induction 
motors which present an enhanced load due to the drop in bus voltages, as 
shown in Figures (6. 6a-d). This increase in load occurs at a time when the 
synchronous machines are accelerating and consequently the acceleration is 
opposed.
It may be noted that the tendency to positive damping is 
increased by the large amount of shunt capacitive compensation employed 
on the system and decreased by the series capacitive compensation on line 24. 
The overall effect of the transmission network itself as regards damping is, 
in fact, negative, as shown by the swing curves in Figures (6. 3b and c), for 
the case when transmission network damping is introduced in the calculation 
procedure. Due to lack of sufficient shunt capacitive compensation, both 
machines (5 and 6) are adversely affected as is shown by their enhanced 
phase angle swings.
Of all synchronous machines on the system, nos. 5 and 6 show 
the greatest frequency deviations, and indicate the influence of overall positive
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f a u l t  on DEAD TIME — f a u l t  c l e a r e d
TIME IN SEC
Fig. 6.3(a) R e lative swing curves of m /c  no. 3 w ith  respect to m /c  no. 1 
o f Fig. G.2.
( i ) ----------------W ith VOIT. R E G - ,  S A T N . , T R A / V S .  S A L .  A  fVD R l ( / X  O  E C  A  Y.
( i i ) ---------------- (i) effect o f instantaneous frequency on m /c  e .m . f .  andM .
( i i i )  ---------------- ( ii)  + machine damping.
( iv )  ------------- ( i i i)  » transm iss ion  netw ork damping.
( v ) ----------------(iv) + system load varia tions.
( v i) — x— x— (i) f » » "
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Fig. 6.3(h) Relative swing c u rv es  of m / c  no. 5 with re sp ec t  to m / c  no. 1 of 
Fig 6 .2 .
( i ) ---------------With VOtr .SATA/., rW A /S .  S A L .  A N D  F L U X  D £ C A  y.
( i i ) ---------------(i) -t effect of instantaneous frequency on m / c  e. m .f .  and M.
( i i i )  --------------- (ii) + machine damping.
( iv )  ----------- (iii) -t t r an sm iss io n  netw ork damping.
(v )---------- —  (iv) I sy s tem  load varia tions .
(v i)— *--- *— (i) +
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■-------- fault cleared-DEAD TIME---------**-------FAULT ON ~7
--►TIME IN SEC.
Fig. 6.3(c) Relative swing curves ol m/e no. 6 with respect to ni/c no. 1 of 
Fig. G.2.
( i ) --------------- With MOLT. R S G .t SATA/., S / l t '  AND FCUX DECAY.
( i i ) --------------- (i) -f effect of instantaneous frequency onm/c e .m .f. and M
(iii)  ------------ (ii) I machine damping.
(iv ) ------------ (iii) I transmission network damping.
( v ) --------------- (iv) I system load variations.
(v i)— *— x —  (i) *
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— f a u lt  on -/- o e a d  t im e fa u lt  c l e a r e d
TIME IN SEC
Fig. 6 .4  Instantaneous frequency at machine te rm in a ls .
F o r m /c  no. 1. 
"  "  "  3.
»» »» m  r
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DEAD TIME ------ >FAULT ON —  fau lt  c l e a r e d
—>»T|ME IN SEC
Fig. 6.5(a) Instantaneous frequency va ria tio ns  fo r  m /c  no. 5 of Fig. 6 .2 .
------------------F or E_fit
--------------------------—  i t  cp
209
«-------- d e a o  t im e FAULT CLEAREDFAULT ON
TlME IN SEC
Fig. 6.5(b) Instantaneous frequency va ria tions  fo r  m /e  no. 6 of Fig. 6 .2 .
F o r T'L
< k
it ^
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< 0-6
— -  DEAD TIME ------FAULT CLEAREO<-------FAULT O N --------
time  in s e c .
K it;. G.G(a) V oltaic* v a r ia tio n s  u l hus no. 22.
-------------------------- —  With vocr. REG., s a t /v. , t r a m s , s a l . a  ajo f l u X DECAY •
-------------------  "  c o m p le te  ins tan taneous frequency re p re s e n t« tio n .
>
-P
 u
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FAULT CLEARED-D E A D  T IM E -FAULT ON
TIM E IN SEC.
F ig . 6 .6 (b ) V o ltage  v a r ia tio n s  a t bus no. 23.
-------------------------- W i t h  VOLT. R E G . ,  SAT/V., TRA  / V S .  S  AL. ARD FLUX DEL. A Y .
-------------------- "  c o m p le te  instan taneous freq u e n cy  re p re s e n ta tio n .
P.
U
.
212
-----DEAD TIME— fault on fault cleared
TIME IN SEC.
Fig. 6. 6(c) Voltage variations at bus no 25.
---------------- With VOLT. / ? £ & . ,  S A T A / . , T R A N S .  s/>L- a n d  e L U x  t> E  C A Y -
----------------" complete instantaneous frequency representation.
P. 
u 
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— fault c l e a r e dDEAO TIMEFAULT ON
TIME IN SEC.
Fig. 6.6(d) Voltage variations at bus no. 26.
----------------With v o l t , r e g ., sat,v., 7'vfvj'Vs- S a l . / ) a>t> r L u *  d e c a y .
---------------- " complete instantaneous frequency representation.
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7 ^ -  FAULT ON OEAD TIME FAULT CLEARED
tim e  IN SEC
Fig. 6.7(a) Instantaneous frequency variations at bus no. 22.
-------------------With VOLT. f ? £ G - ,  S A 7 7 V -, F F A N S .  S A L .  A M D  F L U X  D E C A Y .
-------------------  "  complete instantaneous frequency representation.
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- fault o n - GEAO TIME -------FAULT CLEARED
TIME IN SEC
Fig. 6.7(b) Instantaneous frequency va ria tio ns  at bus no. 2G.
-------------------- W ith VOi.r. RSQ-, SATA/., T*A»s. SAL. /*A/D FLU* ßfc'CA Y.
-------------------- "  com plete instantaneous frequency representation.
P. 
U.
 
C
U
R
R
E
216
DEAD TIME FAULT CLEAREDFAULT ON
TIME IN SEC
Fig. 6.8(a) C u r re n t  v ar ia t ions  for b ranch no. 18.
-----With VOLT. S A T A / . ,  77?/?/VS- S /K .  A N  t> FLUX P E C A Y .
------ "  com plete  ins tantaneous frequency represen ta t ion .
P.
 U
.C
U
R
R
E
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fau lt  c l e a r e dOEAD TIME■FAULT on
TIME IN SEC
Fig. 6.8(b) C u rre n t va ria tio ns  fo r  branch no. 31.
-----W ith V O L T . /?£■&., S A T A /. ,  T / l A N S .  S A L .  A N D  F L U X  D E C A Y .
-----  "  com plete instantaneous frequency representation.
218
damping due to instantaneous frequency effects on the various power system 
elements. Machine no. 5 starts with negative damping as shown in Figure 
(6. 5a) due to induction motor torque and continues up to the point F , then 
the damping becomes positive until the machine starts decelerating after 
reclosure; it continues to have negative damping due to induction generator 
torque up to the point F , then again the damping becomes positive.
Machine no. 6 begins with positive damping of very small magnitude, due 
to induction generator torque, and again positive during the decelerating 
time due to induction motor torque.
Table VIII gives a comparison, based on fault clearance 
times to cause the systemto be just on the verge of instability, between 
the methods of system assessment; . It may be noted that the calculations 
including the regulating devices only ( (i) of Table VII) appear to give 
safe results, because of the overall positive damping existing on the 
system. The results confirm the importance of the system load frequency- 
dependence.
6.4 Discussion
The examples presented in Sections (6.3.1) and (6.3.2) are 
realistic, in spite of the fact that the first might be considered an extreme 
case. The results of the studies are significant in that the systems show 
quite different behaviour in most respects, apart from the fact that frequency- 
dependence of loads appears to have a very large influence in both cases.
With the load composition employed in the calculations, the induction motors 
clearly have a pronounced effect. In the firs t example, load behaviour 
contributes to negative damping, while in the second, it results in positive 
damping.
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The f i r s t  example illu s tra te s  very  graphically  that the usual 
p ra c tice  of neglecting damping in power system s can lead to erroneous and 
unsafe conclusions. Even though the system  may be viewed as somewhat 
unusual, its e ssen tia l fea tu res a re  not n ecessa rily  so, and the conclusion 
that the incorporation  of instantaneous frequency effects in tran sien t 
s tab ility  studies is n ecessa ry , seem s w arran ted . Even in the case  where 
damping is  positive and it may appear that it can be neglected, (for example, 
in the system  of Section (6.3. 2)), the voltage and cu rren t d istributions in 
the network as a sse ssed  by conventional m eans a re  m ore favourable than 
when a sse ssed  on the basis  of instantaneous frequency considerations, and 
consequently the neglect of the la tte r  consideration  can s till give re su lts  
which a re  e rroneous, as  they may lead to unsafe p ro tective relay  settings.
Table VII shows the different am ounts of computing tim e 
requ ired  to p e rfo rm  calculations fo r both problem s by the various methods 
of rep resen ta tio n . It is evident that if instantaneous frequency effects a re  
to be incorporated  in a study, there  is no significant advantage in approxi­
m ation, and a com pletely com prehensive assessm en t should be made. When 
th is  is  done, a very  rich  source  of inform ation regarding the whole power 
system  is available.
A spects of including tran s ien t frequency deviation effects in 
power system  studies a re  d iscussed  in Section 7.
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7. DISCUSSION
An objective of the work reported herein has been to bring 
calculated assessment of a power system into closer correspondence with 
the behaviour of the actual system. Major obstacles to attaining this 
objective are the relative inaccuracy with which power system parameters 
are known, and the shortage of information on actual system behaviour when 
subjected to the conditions postulated in the calculated studies. Notwithstanding 
the above difficulties, however, various (relatively small effective-magnitude) 
refinements have been introduced in the past two decades, taking advantage 
of the power of digital computers. Although the meagre amount of confirmatory 
evidence from actual power system tests tends in general to support the validity 
of the computational refinements being introduced, there seems little cause 
for complacency in this regard.
As already mentioned in section 1.2, a simplification employed 
in all power system transient stability calculations has hitherto been the 
treatment of components at system nominal frequency, in spite of the aware­
ness that transient frequency deviations occur during disturbances. This 
attitude has been apparently taken as a consequence of the viewpoint that 
such deviations have negligible effect, or at least that their neglect produces 
safe results. The approach in the present work has been to question and 
assess whether in fact existing procedures are adequate, and if not, then to 
ascertain the nature and magnitude of any discrepancy. Because of the 
aforementioned lack of accuracy in system parameters, and shortage of 
information on actual power system behaviour, what may be expected to 
be achieved in the addition of a further refinement to calculations, is a 
check on the accuracy and relevance of the existing models or representa­
tions employed in relation to existing knowledge about power systems, and 
the capability to ascertain whether or not the proposed refinements are 
significant.
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In introducing tran sien t frequency deviation considerations 
into power system  calculations, the overall viewpoint has been adopted 
that com putational methods introduced should rely  only on p a ram ete rs  
and other inform ation which might reasonably  be expected to be available 
to power system  investigato rs and p lanners. It is  considered  that the 
m ethods of study proposed here in  substantially  fulfil the objective. The 
inform ation requ ired  additional to that norm ally  used in conventional 
studies (including, fo r synchronous m achines -  asynchronous c h a ra c te r­
is tic s , governor constants, voltage reg u la to r constants, damping 
c h a ra c te r is tic  of the p rim e m over; fo r tran sm issio n  netw orks -  line length, 
conductor size  and spacing; fo r dynamic loads - num ber of induction 
m otors and th e ir  ratings; fo r s ta tic  frequency-dependent loads -  details 
regard ing  a rc  fu rnaces, d ischarge lam ps, m ercu ry  a rc  re c tif ie rs  and 
e lec tr ic  w elders), although not read ily  available to the w rite r , may 
reasonably  be expected to be available to pow er system  personnel.
C onsistent with the above, sections 3, 4 and 5 have aim ed 
to iso late  the instantaneous frequency varia tion  effects in specific power 
system  com ponents, while section 6 has been concerned with the study of 
com plete pow er sy stem s when taking account of tran s ien t frequency 
deviations. Methods have been developed to handle each p a rt of a power 
system  (in addition to the overa ll system ): the various asp ec ts  of these 
m ethods have a lready  been d iscussed  in sections 3. 3, 4. 2 and 5. 3 
respec tive ly  for synchronous m achines, tran sm iss io n  netw orks and 
s ta tic  and dynamic loads. Accordingly, the d iscussion  in the p resen t 
section  will be lim ited  substan tia lly  to considera tions involving overall 
pow er system s and g enera l com putational p rocedu res.
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7.1 Remarks on the Developed Computational Procedures
It is relevant to mention that the calculation methods 
developed to take account of transient frequency deviations have been 
based largely on the operating characteristics of the various power 
system components. Thus, induction motors have been handled from 
knowledge of the torque-slip and stator current-slip characteristics; 
arc loads have been treated from the viewpoint of the volt-ampere 
characteristic of the arc; synchronous machine damping has been 
based on the appropriate asynchronous characteristics of the synchronous 
machines.
7.1.1 On the Calculation of Time-Varying Processes by
Steady-State Techniques
The concept of instantaneous frequency (instantaneous 
rate of change of time phase divided by 2 rr) has been introduced in 
Section 2. 2 and employed in Sections 3 to 6 in order to ascertain the 
effect of transient frequency deviations. In the process of calculations, 
various network reduction theorems and computational procedures 
normally valid for fixed frequency operation, are employed - the 
problem of extension to take account of transient frequency deviations 
is handled by carrying out computations iteratively at particular "frozen" 
instants of time, using the corresponding values of appropriate parameters 
at these instants (as indicated in Section (4„ 1.1.1)).
7.1. 2 Limitation of the Studies to the Transient Stability Interval
The present study and approach to the problem of instantaneous 
frequency variations on power systems has been limited to the transient
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stab ility  in terval (consequently governor effects have not been included), 
but the calculation models and procedures a re  not re s tr ic te d  to th is  in terval 
and can easily  be applied to the dynamic region, i. e. to m ulti-sw ing studies. 
F u rth erm o re , the methods of sections 2 to 6 can read ily  be incorporated in 
the la te s t digital com puter p rogram s already  developed for power system  
stab ility  studies.
Reasons for not going beyond the transien t stab ility  in terval in 
the studies actually conducted in this p ro jec t a re  essen tia lly  due to :-
(i) The non-availability  to the w rite r  of inform ation
* regarding: -
(a) Synchronous m achines -  governor and voltage 
reg u la to r constants, asynchronous ch a rac te ris tic s , 
and p rim e-m o v er damping c h a rac te ris tic s .
(b) Induction m otors -  p ro tective re lay  c h a rac te ris tic s .
(c) Static loads -  pro tective c ircu it c h a rac te ris tic s .
(ii) The fact that com parison over the transien t stability 
in terval between studies including, and those not 
including tran s ien t frequency deviations, has in any 
case  highlighted the magnitude and nature of the 
d ifferences in the two methods of approach. M oreover, 
s tab ility  studies a re  not often extended p ast the transien t 
stab ility  in te rv a l, except in some la rge  sophisticated 
system  assessm en ts , for example Ref. 237.
7 . 1 . 3  Integration E r ro rs
As has been apparent, exclusive use has been made in this 
p ro jec t of the Runge-Kutta method of in tegration, which is being employed
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increasing ly  in tran sien t stab ility  studies, owing to its  inherent accuracy.
B ecause the e r ro r  in this method is of the o rd e r of ( A t)", (Reference 161),
the absolute e r ro r  in the in tegration itse lf is considerably le s s  than 1%,
224which, fo r engineering purposes, may be regarded  as exact
The in tegration step in terval, A t, has been selected  as 
0. 05 sec. throughout the previous calculations, but th is  fac to r is d iscussed  
fu rth e r in the next section (7 .1 .4 ).
7 . 1 . 4  Choice of Step Size M At"
The m ain aim  of sections 3, 4 and 5 was to highlight the 
influence of tran sien t frequency deviations on the predicted  perform ance 
of the various power system  elem ents when considered  individually. In 
the above studies, a step size of 0. 05 secs , was chosen as being adequate 
to compute the appropria te  equations in view of the fact that in any case the 
trea tm en t of only sections of the power system  as being tran sien t frequency- 
dependent (the re s t  of the system  being considered at system  nominal frequency), 
produces an approxim ate solution only. However, such an approxim ate solution 
does underline the various effects of in te re s t and, because it employs a s im ila r 
step size  to that used in standard  calculations, it se rv es  as a reasonable b asis  
fo r com parison between solutions obtained by the m ethods proposed herein  and 
the conventional p rocedu res.
In the studies of section 6, a step size  in terval of 0. 05 secs , 
has also been employed in the overall system  assessm en t, but in this case , 
because the whole system  has been trea ted  as frequency-dependent (with 
consequent enhanced accuracy  over that of studies which consider only p a rt 
frequency-dependence), the question naturally  a r is e s  as to the influence of 
the step size  on overa ll accuracy - this is  now considered.
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In order to ascertain the sensitivity of the solutions of the 
problems in section 6 to the magnitude of At, calculations have been 
performed employing different step intervals, with the following outcome:-
Table XIV records the peak swings for each of the four 
machines of the problem in section 6.3.1 for case (iv) of Table VII, when 
A t = 0. 05 and 0. 025 secs. It will be noted that the calculated peak swing 
values agree to within 0.1% to 0.5% of the actual peak swing values (within 
the accuracy possible from the calculation). The corresponding computed 
critical fault clearance times agree to within much better than \  millisecond. 
It will be noted however, that as the frequency-dependence of the system 
loads has been neglected in case (iv), a large discrepancy between the two 
step intervals is not to be expected.
TABLE XIV - Comparison Between Peak Swings for Different Step 
Time Intervals for Case (iv) of Table VII (section 6.3. 1)
F irst Peak Swings in Degrees
At in sec. 0. 05° 0.025°
Machine 1 42.78° 42.57°
Machine 2 -16.08° -16.06°
Machine 3 -42.53° -42.48°
Machine 4 36.87° 36.82°
Computing Time * 4.4 minutes 8. 0 minutes
Critical Fault Clearance 
Time 270 m sec. 27 0 m sec.
* Using IBM 360/50 digital computer.
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Table XV shows the peak swings fo r the sam e problem  of 
section  6 .3 .1  when all power system  components a re  considered frequency- 
dependent (case (vi) of Table VII), when A t v a rie s  over a range from  0. 05 
to 0. 002 secs . It w ill be apparent that little  varia tion  in computed values is 
to be expected for A t < 0 . 005 s e c . , and that choice of A t = 0. 05 sec. 
produces e r ro r s  of between 0. 03% and 4. 6% in peak values of the swings.
This la t te r  e r r o r  seem s too la rg e , and it would appear to be m ore appropriate 
to se lec t A t = 0. 025 secs , o r  even 0. 01 secs, (if computing tim e is not a t 
a prem ium ). The respective  computed c ritic a l fault c learance  tim e changes 
from  170 m secs, fo r A t = 0.05 sec. to 171 m secs , fo r the sm a lle r values 
of A t (i. e. 0. 6% difference in c learance  tim e when A t changes from  0. 05 
to 0. 025 s e c s . ); this p laces the d iscrepancy into b e tte r perspective.
TABLE XV - Com parison Between Peak Swings fo r D ifferent Step Time 
In terval fo r C ase (vi) of Table VII (section 6 .3 .1 )
F ir s t  Peak  Swings in D egrees
A t in sec . 0. 05 0. 025 0. 01 0. 005 0.002
M achine 1 34.28 33.72 33. 52 33.45 33.44
M achine 2 -45 .00 -44 .29 -44.26 -44 .25 -44 .25
Machine 3 -89 .79 -87.13 -86.07 -85 .65 -85 .64
M achine 4 35.11 35. 06 35. 14 35. 13 35.12
Computing 
Tim e * 5.2  min. 9. 8 min. 24 min. 48 min. 117 min.
C ritica l Fault 
C learance  
Tim e
17 0 m sec. 171 m sec. 171 m sec 171 m sec . 171 m sec .
* Using IBM 360/50 digital com puter.
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When step size  A t is changed in the case of the large in te r­
connected system  in section 6 .3 .2 , peak swing behaviour fo r all m achines 
is  as shown in Table XVI. It w ill be seen that the solution may be considered 
substantially  accu ra te  fo r A t <  0. 012 secs, and that the e r r o r  in taking 
A t = 0. 05 sec. v a rie s  between 0. 2% to 1. 5%. If a step time interval 
A t = 0. 025 secs , is  chosen, the m aximum e r r o r  becom es 0. 3%, which is 
m ore than sa tisfac to ry . The c r itic a l fault c lea ran ce  tim e w ill be seen to 
decrease  by 2 m secs , as A t is reduced from  0. 05 secs , to 0. 025 secs , o r 
sm alle r (0. 4%).
TABLE XVI - Com parison Between Peak  Swings fo r D ifferent Step 
Size In terval, Case (vi) of Table VII (section 6 .3 . 2)
F ir s t  Peak Swings in D egrees
A t in sec. 0. 05 0. 025 0.012 0. 005
Machine 1 20.45 20. 59 20.62 20.63
Machine 2 23. 97 24. 23 24.29 24.30
Machine 3 46. 53 46. 59 46.63 46.63
Machine 4 33.37 33. 26 33.25 33.25
Machine 5 96.32 97. 50 97.79 97.81
Machine 6 84.43 85. 25 85.38 85.40
Computing 
Time * 60 min. 117 min. 230 min. 560 min.
C ritica l Fault 
C learance 
Tim e
563 m secs. 561 m secs. 561 m secs. 561 m secs.
* Using IBM 360/50 digital com puter.
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The above computations indicate that a choice of At = 0. 05 secs., 
which is desirable when comparing the results of the present work with 
conventional calculating procedures, is probably adequate also for practical 
purposes. In this case computing errors of the order of up to + 5% or so 
may be expected for individual synchronous machine phase angle peaks which 
occur at different times but, as the corresponding error in critical fault 
clearance time may be expected to be less than + 1%, these results are 
probably acceptable. On the other hand, there is no doubt that if the extra 
computing time is available, choosing At = 0. 025 secs, may be advantageous, 
particularly where various refinements, differing but little from each other, 
are being investigated. Moreover, because the approximate peak values (due 
to an insufficiently small At) may be larger or smaller than the true values 
(by 'exact’ computation), due to the dependence of the accelerating or 
retarding forces on relative machine rotor positions during the transient 
period, it cannot be said that any particular computation is optimistic or 
pessimistic unless the true value is known.
In the event of electrical transients (for example, for induction 
motor studies) or sub-transient periods being introduced into the power system 
stability programs, it is clear that A t will need to be chosen less than 0. 005 sec. 
(i cycle on a 50 cycle/sec. system), depending on the relevant time constants 
involved.
7.2 Computing Requirements
Table XVII shows various factors relating to computations for 
the problems of section 6. All programs were written in FORTRAN IV E 
Language and executed on an IBM 360/50 digital computer (core storage 
available = 220, 000 bytes (1 byte = 8 bits)).
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TABLE XVII -  Com parison of Computing Requirem ents fo r the 
P ro b lem s of Section 6 fo r Case (vi) of Table VII
P roblem 4-M achine Problem  Section 6 .3 .1
6-M achine Problem  
Section 6 .3 .2
No. of buses 11 44
No. of lines 12 44
No. of shunt capacito rs - 18
No. of loads 6 18
P rog ram  com pile tim e 1. 8 m inutes 2. 9 m inutes
Execution tim e 2. 8 " 57.1 "
P rin tou t tim e 0.6  " 2 .0  M
Storage 42, 000 bytes 120, 000 bytes
The computing tim e requ ired  for a study depends on the 
following factors: -
(a) System size , i .e .  num ber of buses, lines, se r ie s  
b ranches with capacitive com pensation, shunt 
capacito rs and re a c to rs  and frequency-dependent loads.
(b) Number of equivalent synchronous m achines.
(c) Fault location.
(d) Time length of the study.
Computing tim e is affected by (c) in a m anner dependent on 
c ircum stances, fo r exam ple, in the large interconnected system  of section
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6 .3 .2 , the fault on line 24 close to bus no. 24, iso la tes  the two sm a lle r  system s - 
one involving a 2 x 2 adm ittance m atrix  fo r the m achines and a 16 x 16 adm ittance 
m atrix  fo r  the system , the o ther involving a 4 x 4 adm ittance m atrix  fo r the 
m achines, with a 28 x 28 adm ittance m atrix  for the system . This situation  
occurs during the fault application tim e and continues during the dead tim e 
(with the system s separated) -  during these tim es, system  size  is reduced 
with consequent reduction in computing tim e. A fter the fault is  c leared , the 
system  size re tu rn s  to its  original form , i .e .  a 6 x 6 m atrix  fo r the m achines, 
and a 44 x 44 m atrix  fo r the network. As a consequence of the above operation, 
the execution tim e listed  in Table XVILmay be separa ted  into th ree p a rts , 
corresponding respectively  to conditions during the fault application, dead 
tim e, and a fte r fault c learance.
Execution tim e fo r the com puter p rogram s w ill depend approx i­
m ately on size of adm ittance m atrix  involved, which in turn  depends on fac to rs  
(a & b) above, modified by (c). Very approxim ately, it might be expected that 
the execution tim e w ill depend on the square of the num ber of buses; the tim e 
will be reduced however by the reduction in system  size  during the fault 
period and dead tim e. In Table XVII,execution tim es for the two problem s 
w ill not follow the law depending on the square  of the num ber of b u sb a rs , 
because of the different types of fault applied and the length of tim e for each study.
Although som e trouble has been taken, in w riting the p rog ram s 
to reduce computing time as  fa r  as possib le, p rogram  optim isation in the 
lim ited  p ro jec t tim e available has not been p rac ticab le ; m oreover, the p rim e 
objective of the work has been to study the effects of tran sien t frequency 
deviations on power system s, ra th e r than to produce a com pletely refined se t 
of optimum com puter p rogram s. In p rincip le  however, p rogram  optim isation 
involves no fundamental d ifficu lties.
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By giving attention to the following fac to rs , computing tim e 
may be reduced to a c e rta in  extent: -
(a) Form ing the adm ittance m atrix  through a connection 
m atrix .
(b) Modifying the statem ents involving arithm etica l 
operations.
(c) Modifying step size adaptively, such that the changes 
in the various quantities involved in the computations 
determ ine the step tim e in terval chosen at each step.
(d) Employing a display system  ra th e r than a p rin te r  for 
output of swing cu rves.
For a significant reduction in computing tim e, however, it 
appears necessary  to tackle, from  a new viewpoint, the whole problem  of 
the determ ination of driving point and tra n s fe r  adm ittances for the various 
synchronous m achines, because this is the m ost tim e-consum ing p a rt of the 
p rocedures.
With re sp ec t to reduction in computing tim e by possible 
reduction in complexity of refinem ents introduced in the frequency-dependence, 
it  is evident from  Table VII, that if system  loads a re  to be rep resen ted  as being 
frequency-dependent (these have the g re a te s t influence, as d iscussed  fu rth e r in 
section 7. 3), little  ex tra  computing time is necessa ry  to include all of the 
frequency-dependent refinem ents (approxim ately 15% increase). Consequently,
there  seem s only slight p ro fit from  sim plifying the refinem ents as a means to 
reduce computing tim e.
7. 3 Relative Im portance of the Various F ac to rs  R epresented
Figures 6 .1  (a-d), 6. 3 (a-c) and Table VIII allow com parison
to be made between the effects of each facto r on c ritic a l fault c learance  time
from  the inform ation derived  and shown in Table XVIII.
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TABLE XVIII -  Com parison of Various F ac to rs  fo r T heir Influence 
on C ritica l Fault C learance Time
Factor C ircum stance
Contribution of the fac to r to c ritic a l 
fault c learance tim e.
4 -m achine problem  
Section 6 .3 .1
Large Interconnected 
System 
Section 6 .3 .2
in m secs.
p e rcen t­
age* in m sec s .
p e rcen t­
age*
All fac to rs  
represen ted C ase v Table VIII
-96 -36 .1 +65 + 13.1
System loads C ase vi Table VIII -100 -37. 5 +60 +12.0
T ransm ission  
network damping. Case iv Table Vin -8 -3 .0
-13 -2. 6
Machine e. m. f. 
and angular 
momentum
C ase ii Table VIE +6 +2. 25 +12 +2.4
Machine damping Case ill Table VIE +6 +2. 25 +6 +1.2
Regulating devices 
and o ther syn­
chronous machine 
refinem ents.
Case i Table Vin +5 + 1 .8 # +10
<N+
* % calculations a re  based on the fault c learance  tim e of case  (i) Table VIII.
# % calculations a re  based on the fault c learance  tim e of case  (ia) Table V in.
Inspection of the re su lts  of studies of the two problem s shows 
the following o rd e r of im portance, as fa r  as influence on c ritic a l fault c learance 
tim e is concerned, of the various fac to rs  which have been included in the power 
system  rep resen ta tion  a s  being frequency dependent: -
(a) System loads.
(b) T ransm ission  network damping.
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(c) Machine e.m.f.  and angular momentum.
(d) Machine damping.
(e) Voltage regulator, flux decay, transient saliency and 
saturation.
It will be noted that in the problems studied, by far the major 
effect occurs as a result of the frequency-dependence of the system loads, 
while the factors: transmission network damping; machine e. m. f. and 
angular momentum; machine damping; and the group:- voltage regulator, 
flux decay, transient saliency and saturation, have a much smaller effect - 
all being approximately of the same order.
Machine reactance of itself has a quite negligible influence 
when considered frequency-dependently, as already indicated in section 3.3.1,  
and is consequently not considered separately in Table XVIII. Its effect on 
critical fault clearance time is of the order of 0.1% or so. However in 
calculations involving frequency-dependent considerations of all power 
system components (as in the problems of section 6) machine reactance 
frequency-dependence has been taken into account because it can be 
considered as part of the power system network and consequently imposes 
an insignificantly extra demand on computing time.
It will be appreciated that the relative influence of each of 
the factors included will depend on system parameters and configurations; 
consequently, the above results are not proposed as indicating hard and fast 
rules, but show merely the influence of each factor in the specific instances 
taken.
The contributions of the various factors (system loads, trans­
mission network damping, machine e. m. f . and angular momentum, and machine 
damping) to the critical fault clearance time, depend of course on the circumstances
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under which the p a rtic u la r  facto r has been rep resen ted  (i.e . on w hether a ll 
fac to rs  a re  rep resen ted  sim ultaneously as being frequency-dependent o r  only 
som e fac to rs  a re  so rep resen ted ). However, the orders of the various effects, 
in the exam ples considered, a re  given adequately in Table XVIII.
A fu rth e r point (already noted previously  -  fo r example, 
in Table XIII) involves the degree of influence on power system  behaviour exerted  
by factor (e) above. In the studies actually computed, lack of adequate inform a­
tion has caused the voltage regu la to rs  to be adjusted such that flux decay is
ju s t overcom e -  a perfectly  reasonable method of operation and consisten t
198with reported  p rac tice  . However, this m anner of voltage regu la to r 
adjustm ent is not always valid; recen t tendencies being in the d irection  of 
allowing the voltage regu la to rs  to m ore than overcom e the flux decay effects. 
Consequently, situations may be expected in which effect (e) above does not 
re ta in  its sam e relationship  to fac to rs  (b, c & d) as in the two problem s 
considered  here .
Table XIX indicates the o rd e r of effect produced in c ritica l 
switching time by the fac to rs :tran sien t saliency, machine damping and a i r -  
gap flux decrem ent. (The figures cited appear to be rep resen ta tive  of those 
to be found in the lite ra tu re , although wide varia tions in these values have 
been reported). R eferring  to Table XVTII, shows that even the re la tive ly  
m inor effects introduced in the p resen t rep o rt have a magnitude com parable 
to those in Table XIX which it is a lready  considered  worthwhile to include in 
power system  studies. Frequency-dependence of the fac to rs  (a-d) above, 
th e re fo re , has c lea rly  a non-negligible significance in pow er system  tran sien t 
stab ility  studies.
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TABLE XIX - Showing the Effect of Various Factors (Normally Included 
in Present-Day Studies) on Critical Fault Clearance Time
Factor neglected
Error in critical fault clearance time
Typical figure Maximum value
Saliency Under-estimation by 
3. 5%
Under-estimation by
14%
Synchronous machine 
damping. *
Under-estimation by 
1%
Under-estimation by
3%
Induced current effects. Over-estimation by 
3.5%
Over-estimation by 
17%
* Reference 195 reports a figure less than 2% in the presence of flux decay. 
Note that the extreme errors cannot be added as they occur under different 
conditions .
Finally, it is worth pointing out that not only is frequency- 
dependence of system components in stability studies of importance in present- 
day power system studies, but there is a clear trend for this dependence to 
assume increasing importance in the future, due to various factors, including 
the following:-
(i) The tendency for large synchronous machines to have low 
inertia and high internal reactance.
(ii) With the developments of (i), synchronous machine damping 
assumes greater importance.
(iii) The extension of power system studies into asynchronous 
modes of behaviour in which transient frequency deviations 
of up to + 5% or so may occur.
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(iv) The consideration of employing braking re s is to rs  and 
s e r ie s  capacito rs req u ires  a m ore refined indication 
as to w hether th e ir use is w arran ted . This can be 
achieved only through inclusion of frequency-dependent 
effects which have been shown to have significant in­
fluence on power system  assessm en t.
(v) F rom  the viewpoint of economy, a system  should be
designed to operate as close as possible to its tran sien t 
stability  lim its .
(vi) The increasing  aw areness of the influence of frequency- 
dependence of system  loads.
In sum m ary, it is apparent that frequency-dependence of power 
system  loads has the g rea te s t influence on pow er system  behaviour in re la tion  
to the other frequency-dependent fac to rs  considered in th is study; even so, the 
rela tively  m inor fac to rs  (transm ission  network damping, machine e. m. f. and 
angular m omentum,and m achine damping) have sufficient significance to w arran t 
inclusion in stability  studies, p a rticu la rly  as the ex tra  computing tim e required  
to include these la tte r  fac to rs  is re la tive ly  sm all (section 7.2).
7 .4  R eliability of Data and A ccuracy of P rediction
As already suggested in the introduction to sections 1 and 7, a 
sev e re  re s tr ic tio n  on a ttem pts to produce m ore p rec ise  power system  calcu la­
tions is p resen ted  by the fundamental difficulty involving the unavailability and 
accuracy  of data. Many studies a re  norm ally undertaken before the components 
fo r the system  o r p a rts  of the system  in question have been m anufactured, in
which case , the inform ation used m ust be design data (ra th e r than te s t data),
224which, according to Hore involves an uncertainty as to re liab ility  of the 
o rd e r  of + 15% o r so. Even in studies on an  existing system , although it is
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th eo re tica lly  possib le to obtain te s t data from  the apparatus, Hore considers 
that e r ro r s  of between + 5% and + 10% may be expected. (He does, however, 
note that c lo se r to lerance agreem ent between design and actual p a ram ete rs  
may be achieved by m anufacturers in equipment a t an ex tra  cost).
Not all power system  Engineers a re  as p essim istic  as Hore 
in relation to accuracy of data, but th is facto r is nevertheless of m a jo r 
significance and may ham per fu rth e r developm ents in refining system  
behaviour until m ore re liab le  data appear.
As to the appropria teness of attem pts to introduce effects 
(into power system  calculations) whose magnitude is  apparently sm alle r 
than the e r ro r s  to be expected in the data on power system  components, 
th is im portant m a tte r m ust be considered fu rther, especially  in relation  
to the overall prediction  accuracy  fo r the system .
T ests  c a rr ie d  out on the B ritish  132 KV grid  system  in 1956
established  the effective degree of re liab ility  of the data available and
computational methods employed, with the c ritic a l fault c learance  tim e
173actually  occurring  being predicted  to within 5% (the p redicted  values
being on the unsafe side). As has been noted previously, very little  inform ation
198on re a lis tic  power system  te s ts  is available -  a la te r  study did not exp ress 
a useful quantitative re la tionsh ip  between calculated and m easured values, 
except to mention, in the discussion, that the p redicted  value of the in itial 
ro to r swing fo r the g en era to r n e a re s t to the fault was, on average, approxi­
m ately 5% g re a te r  than the m easured  value -  with the d ifference between 
predicted  and m easured  values being g re a te r  for genera to rs  rem ote from  
the fault. This re fe rence  concluded tha t'p red ictions from  conventional-type
m ulti-m achine studies showed slightly p ess im istic  forecasting  of the magnitude
173of the f i r s t  ro to r swing. The findings of previous investigations , which
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suggested that the conventional method ignored fac to rs  which aid stability , 
a re  thus confirm ed". The author has been unable to d iscover inform ation 
on accuracy  of com putations in re la tion  to p rac tica l te s ts  for m ore refined 
rep resen ta tions than used in the above two rep o rts . However, by im plication, 
m ore recen t studies, such as that concerning Dynamic Stability of the P eace  
R iver T ransm ission  System  2^ , jm  which high voltage lines have been 
rep resen ted  without using equivalents (other tran sm issio n  c ircu its  have 
been considered as constant impedance tt sections) and synchronous m achines 
have been rep resen ted  in differing degree of com plexity  -  the m ost detailed  
including: d irec t and quadrature axes, flux linkage decay in both axes, 
satu ration  in both axes, positive sequence damping, m echanical damping, 
and detailed excitation and governor system s. Inertia  constants w ere used 
fo r a ll units without the assum ption of an infinite bus. The study recom m ended 
use of braking re s is to rs  as  an aid to stabilityj> appear to consider that 
agreem ent between calculated and actual system  perform ance is very  close, 
o therw ise many of the effects actually  rep resen ted  would, because of th e ir  
sm all magnitude, appear to be unprofitably rep resen ted .
219K im bark, in the d iscussion of a paper by Lokay & B olger , 
has com m ented that the stab ility  lim its  calculated by conventional method 
(which has been used fo r many years) agree within 1 o r  2% with lim its  
calculated by a method which includes the following refinem ents: m achine 
damping, excitation control and resu lting  change of field flux linkage, 
saturation , system  damping, and speed governor action. Although some of 
the rep resen ta tions in the study concerned a re  suspect (particu larly  machine 
damping and system  damping), it is  indicative of th e ’state  of the a r t ’ that 
quantities as sm all as 1% to 2% in th e ir  overa ll influence, a re  considered as 
non-triv ia l.
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In view of the above, although th e re  is  s till a g rea t deal of 
uncertainty about overall prediction  accuracy  which can be achieved with 
the data available, it m ight be considered reasonable to expect 5% (or better) 
agreem ent between theory and p rac tice  when adequate ca re  is  taken in 
obtaining the necessary  data. In th is situation, quantities which affect 
system  perform ance by am ounts even as low as 1% o r  so, may be 
considered to be of in te rest, p a rticu la rly  if the nature  and d irection  of th e ir 
effects a re  not obvious.
The apparent inconsistency between the achievem ent of 5% 
o r  b e tte r  expected agreem ent between pred icted  and m easured  overall power 
system  behaviour and the uncertainty of data on power system  components 
of up to +15% o r so (as indicated by Ho re) may be explained at le a s t in 
p a rt, by the fact that a given e r ro r  in a given p a ram ete r of a p a rticu la r 
power system  component does not affect the whole system  of which it is 
part, to nearly  the sam e extent. F o r exam ple, a 10% e r r o r  in a reactance 
in se r ie s  with a la rg e r  reactance of nine tim es the nominal value of the 
f i r s t  (reactance), influences the total nominal reactance by only 1%.
Again, an e r ro r  in ine rtia  fac to r of a synchronous m achine w ill have a 
reduced influence on c r itic a l fault c learance  tim e, as this la tte r  is 
affected by the square root of the ine rtia  fac to r (reference 224, page 366).
In considering w hether a fac to r should o r should not be 
included in a rep resen ta tion , it may be noted that the e r r o r  resu lting  from  
neglect of the fac to r is  likely to be g re a te r  than that which follows from  
including it together with inaccuracies in its  p a ram ete r values. (For 
exam ple, in the case  of a p a rtic u la r  synchronous machine connected to 
an infinite bus through a re a c to r X^, considered on page 315 of reference  
224, it is  shown that neglect of saliency introduces an (under estim ation) 
e r r o r  in c ritic a l fault c learance  tim e of 5. 3%. The author has recalculated
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this problem but with a 10% increase inX andX , combined with a 10%e q'
reduction inX^, with the consequence that these changes in reactance cause 
only a 0.7% change in critical fault clearance time).
Further considerations on the problem of whether or not 
to include a particular factor depend on the magnitude and direction of 
the effects which the factor may be expected to produce on the predictions. 
Although certain factors may be relatively small in magnitude, (or may be 
subject to a large degree of uncertainty in the magnitude of their parameters), 
if there is confidence as to their nature and influence, there seem strong 
reasons for inclusion. Neglecting the contributions of machine e.m.f.  and 
angular momentum, voltage regulator action, saturation and saliency, is 
possible as it produces an underestimation of critical fault clearance time 
(safe solution), whereas neglecting flux decay produces overestimation of 
fault clearance time (unsafe solution), and seems undesirable. Factors, on 
the other hand, such as synchronous machine damping, transmission network 
damping and system load damping, may each produce either reduced or 
enhanced critical fault clearance times, depending on circumstances, and 
should therefore not be neglected. Even though it is apparent that neglecting 
certain factors may be safe, it seems desirable to include all factors whose 
effect is known to be non-trivial, as this produces a prediction closer to the 
true value (in spite of uncertainties in the values of the parameters).
Finally, load demand is a determining factor in power 
system planning, and although forecasts of magnitude and composition 
of system loads are not precise, the actual load demands which must be 
met are factual entities which the system must supply, and which must 
be known as accurately as possible. Forecasts may be continually modified 
in the light of new information, but once a given peak load demand has been 
established, the system must be proved capable (through control and
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adjustm ent -  fo r exam ple, by tap-changing, excitation, com pensation, 
load allocation) of m eeting that demand. It is the ta sk  of a study to 
investigate each such situation and to produce predictions as close as 
possible to the tru e  values -  any factor which assists th is p ro cess  is 
of in te rest and utility.
In the light of the d iscussion  of the p resen t section, the 
magnitude of the effects introduced by tran s ien t frequency-deviation 
considerations (recorded in Table XVIII fo r two specific problem s) a re  
such that the respective  effects have adequate significance for inclusion 
in power system  tran sien t stab ility  studies. It is  c lea r, hcwever, that 
much m ust s till be done in re la ting  p red icted  with actual power system  
perform ance before full confidence can be estab lished  in any assessm en t 
p rocedures.
7 .5  Recommendations Regarding P rac tic a l Pow er System Studies
The studies c a rr ie d  out in th is  p ro jec t have indicated 
the im portance of taking tran sien t frequency deviation effects into 
account in power system  stab ility  studies. In two re a lis tic  problem s 
investigated, the degree of influence exerted  -  with frequency-deviation 
effects included -  when exp ressed  in te rm s  of c ritica l fault c learance  
tim e, has amounted to l%-3% fo r each of the factors: machine damping, 
machine e. m. f. and angular momentum, and tran sm issio n  netw ork 
damping. In the case  of system  loads, magnitude of influence amounted 
to 37.5% and 12% in the respective  problem s (Table XVIII). (With all 
of the above fac to rs  included sim ultaneously, the total influence produced 
by tran sien t frequency deviation considerations on c r itic a l fault c learance 
tim e w as respectively  36.1% and 13.1%). The above degree of influence 
of frequency-dependent fac to rs  in the problem s concerned, com pares 
with about 2% effect on c ritic a l fault c learance  tim e produced by including
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voltage regu la to r action, flux decay, satu ration  and saliency.
In making recom m endations regarding use of the work 
(reported  herein) in p rac tica l power system  studies, it  seem s c le a r  that 
because of the m ajo r effect exerted  by the loads, and as in any case loads 
a re  key fac to rs  in influencing overall system  perform ance, th e ir  p rec ise  
trea tm en t cannot be neglected. The studies p resen ted  in Section 6. 3 
dem onstrate  the m ajor influence of frequency-dependence of system  loads 
on the stab ility  of the system , all o ther frequency-dependent fac to rs 
having re la tive ly  sm all effect. However, the above re la tiv e  com parison 
between the various frequency-dependent fac to rs  w ill not n ecessa rily  
apply fo r  o ther power system s, and, because of the com paratively sm all 
in c rease  in com puter tim e requ ired  to include all refinem ents (approx­
imately 15% in crease  as  indicated in Section 7 .2), it seemshighly desirab le  
that all fac to rs  should be included.
A fu rth e r strong reason  fo r considering all frequency-dependent 
fac to rs , even though som e of these have only m inor effect on tran sien t 
stab ility , ex ists  because of the bearing  which all frequency-dependent fac to rs  
have on the voltage and c u rre n t d istribution  in the system . F or purposes of 
p ro tective relay  settings under d isturbed  conditions, it  would seem  to be unwise 
to ignore even the m inor fac to rs , because avoidable uncertain ties find th e ir 
way into the derived re lay  settings, which may prove disadvantageous under 
abnorm al conditions.
The p resen t studies have shown that the degree of significance 
of frequency-dependent effects is  adequate to w arran t th e ir  inclusion in power 
system  tran sien t stability  investigations, and it is  recom m ended that a ssessm en t 
of actual power system s should take these effects into account. In o rd e r to
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a ssu re  a reasonable accuracy  of com putation consisten t with the nature and 
magnitude of the effects rep resen ted , section 7 . 1 . 4  has indicated that the 
Runge-Kutta integration method, employing norm ally a step tim e in terval of 
0. 05 sec. is sa tisfac to ry , although cases  may a r ise  in which a sh o rte r  in terval 
of 0. 025 sec. may be n ecessa ry  for enhanced accuracy.
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8. FURTHER WORK
R eport of the w ork in th is thesis  has covered the introduction 
of tran sien t frequency deviation effects in power system  stab ility  studies.
On a num ber of occasions, it has been c le a r  that various aspects of the 
problem  have not been com pletely solved and may, with advantage, be 
studied fu rther. The following is  noted in p a rtic u la r:-
8.1 Dynamic Region Studies
As has already been indicated in section 7 .1 .2 , the p rocedures 
developed herein  can be employed in studying the dynamic stability  (multi-swing) 
region if the necessa ry  inform ation on system  p a ram ete rs  is available. F u rther 
study is needed on:-
(a) The perfo rm ance of induction m otor p ro tective devices - 
for exam ple, providing pro tection  against; phase 
fa ilu re , under voltage and o v ercu rren t -  fo r isolating 
operation of induction m otors from  the re s t  of the 
system  under abnorm al c ircum stances.
In the past, (and in the p re sen t studies), it has 
been assum ed that induction m otor pro tective re lay s  
a re  so sluggish that there  is  sufficient delay in th e ir 
operation, during which tim e the fault can be c leared  
and norm al system  configuration res to red . If th e ir  
response is instantaneous, (which is not likely, as such 
response does not occur even for the m ore refined 
pro tec tive  devices used fo r synchronous generato rs), 
the resu lting  iso lation  of the induction m otors w ill
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pose serious problem s because of sudden change in load 
demand, the degree of serio u sn ess  depending upon the 
system  configuration. Because of the delayed operation of 
induction m otor pro tective devices, this fac to r has been 
neglected even in the case  of im portant induction m otors, 
such as  feed w ater pump m otors in power stations.
Inform ation on the actual p ro tective system  behaviour 
is  re levan t to studies in the dynamic region, and is 
suggested as a profitable line for fu rth er investigations.
It may be useful to study the dynamic perform ance of 
the p ro tective system s from  the design p a ram e te rs , 
taking account of the types of c ircu it b reak ers  employed 
fo r isolating purposes. Experim ental investigations a re  
requ ired  to estab lish  the response of the p ro tective system s 
to te rm in a l voltage varia tions.
(b) C h arac te ris tic s  of the p ro tective system s of a rc  furnace 
loads -  a rc  furnace loads norm ally  operate  a t m ore than 
80% power fac to r, and in cases  w here the arc  furnace 
te rm ina l voltage fa lls  to 80% o r below, the a rc  w ill 
extinguish due to insufficient voltage being available 
fo r its  m aintenance - active load w ill th e re fo re  be dropped 
from  the system , leaving the furnace tra n s fo rm e r operating 
at no load, drawing m agnetising cu rren t at very low power 
fac to r, together with a capacitive cu rren t (which may probably 
overcom pensate the inductive vars) if, as is  common, shunt 
capac ito rs  a re  used fo r power fac to r im provem ent and 
a rc  cessation . Investigations requ ire  to estab lish  
w hether o r  not the a rc  w ill re s tr ik e  if norm al voltage is
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restored. The problem involves the dynamic behaviour 
of electrode moving equipment in conjunction with the 
protective relays and the types of circuit breakers 
employed. In the past, such loads have been represented 
by lumped impedances, but a more appropriate 
representation would be valuable.
(c) Asynchronous system operation - the present thesis 
presents refinements which can handle asynchronous 
operation if synchronous machine asynchronous 
characteristics are known. Asynchronous torques can 
possibly be assessed by employing the asynchronous 
characteristic of the machine and the rotor instantaneous 
slip with respect to the instantaneous resultant a ir gap 
flux, as has been used in evaluating synchronous machine 
damping in section 3. With the above information, 
asynchronous power system operation may be studied.
8. 2 Validity of Induction Motor Model
The induction motor model used in the present studies is 
limited in the manner discussed in section 5 .1 .1 .6 , where it is seen that 
with too drastic a collapse of supply voltage, the motor will be operating 
in an unstable region of its torque-slip characteristic for which the representa­
tion is not valid. For studies which involve serious collapse of voltage, 
therefore, it is necessary to develop an improved model.
8. 3 Considerations of Back Swings of Synchronous Machines
In the case of synchronous machines, impulsive forces come 
into play both when a fault occurs and when it is cleared. These forces have 
been demonstrated clearly by the back swings of synchronous generators on
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an actual system, as well as in micro-machine studies . Such impulsive 
forces may be negative or positive.
To take account of the back swing in stability studies, a 
method has been suggested in reference 174, to delay the acceleration 
for a particular time (0, 06 sec. (3 cycles) stated). This is not satisfactory 
however, as reference 198 indicates that the nature and magnitude of back 
swing may vary according to the circumstances. Even if the figure of 0. 06 sep. 
were applicable to a given machine under all conditions, it might still change 
for different machines. An investigation is needed to clarify the factors which 
influence the back swing, following which a mathematical model may be formed 
for inclusion in the swing curve computations.
8.4 Considerations of Electrical Transients of Asynchronous Machines
In the case of asynchronous machines, electrical transients 
have been neglected in the present studies, but in the light of the above 
back swing considerations of synchronous machines (Section 8.3), and the 
rapid fault clearing achieved by modern equipment, electrical transients 
need to be considered. A possible approach is to represent the induction 
motor by two parallel circuits, one considering the dynamic and frequency- 
dependent behaviour as proposed in the present thesis, and the other considering 
the electrical transients. Mutual effects between the two circuits would need 
to be included.
8. 5 Man-Machine and Computer Program Optimization
Some of the long computing times required in the present work 
indicate that major power systems may require very lengthy rims on cojnputers 
to investigate thoroughly problems which incorporate a large number of 
calculating refinements. It is possible with present day input/output 
equipments and procedures to devise methods of handling problems in
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which obviously unprofitable com putations can be elim inated o r term inated  
a t any stage by appropria te  m an-m achine in teraction  during the course  of a 
study. G raphical and cathode ra y  console te rm in a ls  seem  useful in th is  
resp ec t. Computer P ro g ram  Optimization (Section 7. 2) would also  be helpful.
8. 6 R eliability  of Data
The need for m ore  accu ra te  power system  data has been 
evident in the p re sen t work. M ore attention m ust be d irec ted  to th is 
problem , otherw ise the developm ent of fu rth er refinem ents in power system  
calculations w ill be seriously  ham pered.
8. 7 Com parison Between P red ic ted  and Actual Pow er System  Behaviour
T here  is  little  doubt that a  com prehensive se t of p rac tica l 
te s ts  designed to a s s e s s  in detail the accuracy  and re levance of computational 
p rocedu res and m odels would be of trem endous value to the e lec tric  power 
industry.
The studies suggested in Sections 8. 6 and 8. 7 above, seem  
capable of rea lisa tio n  only through m ajo r effort and co-operation between 
the m anufactu rers, e lec tric ity  au thorities and consum ers.
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9. CONCLUSIONS
It has been the aim of the work described in this report to 
investigate both separately and in an integrated manner, the effects of 
transient frequency deviations on power system components, with a view 
to ascertaining the degree of importance which these effects exert on power 
system behaviour. The general approach to the problem has involved the 
use of actual operating characteristics, thereby by-passing uncertainties 
on the various param eters involved. A further objective guiding the work 
has been the desire to develop procedures employing data which may be 
reasonably expected to be available to power system investigators.
To consider the frequency-dependence of the various power 
system elements in transient stability studies, the following procedures, 
along with their computer programs, have been developed: -
(a) Determination of the instantaneous frequency of a bus 
voltage o r a  branch current in any part of a power 
system subjected to a disturbance.
(b) Ascertaining the effect on stability of change in 
synchronous machine e. m. f . , stored energy and 
machine reactance, due to change in instantaneous 
rotor angular velocities under abnormal situations.
(c) Developing methods for taking account of synchronous 
machine damping by employing the asynchronous 
characteristics (asynchronous output power vs. slip), 
and the rotor slip with respect to the resultant air 
gap flux.
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(d) Considering the tran sm issio n  network damping effects 
due to change in network p a ra m e te rs  as a re su lt of 
deviations in instantaneous frequencies.
(e) R epresenting the norm al general purpose induction 
m otor loads e ither for a single m achine o r for machine 
groups as frequency-dependent and dynamic.
(f) R epresenting the norm ally  m et passive  loads -  such as: 
m ercu ry  a rc  re c tif ie rs , a rc  furnaces, d ischarge  lam ps 
and e lec tric  w elders -  as  frequency-dependent.
The computing p rocedures for taking account of tran sien t 
frequency deviations have been applied to two re a lis t ic  power system  
problem s, and the magnitude of influence exerted  by each factor has been 
identified. The m ajor influence has been contributed by the system  loads, 
but even (frequency-dependent) fac to rs  such as  tran sm issio n  network damping, 
synchronous m achine e. m. f. , angular momentum and damping, have been 
found to produce a non-negligible effect, whose influence can be as la rg e  as 
that of o ther refinem ents already  considered worthwhile for inclusion in 
tran s ien t stab ility  studies, (for example, voltage regu la to r action, saliency, 
saturation  and flux decay).
The p rocedu res developed for including tran sien t frequency 
deviation effects in power system  stab ility  studies a re  applicable not only 
to the tran s ien t period  but, in the p resen ce  of adequate inform ation regard ing  
values of the n ecessa ry  p a ram e te rs , can be employed also for dynamic 
stab ility  (multi-swing) studies.
In the course  of th is work, it  has becom e evident that much 
rem ains to be done in im proving the re liab ility  of data and in investigating 
the degree of agreem ent between power system  perform ance as pred icted  by 
the various p rocedures and m odels available, and that which applies in actual
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practice on a real system - this situation imposes severe restrictions on 
the evaluation of any refinements (including those introduced herein) to power 
system study procedures. It is suggested that these problems and other more 
specialized factors arising from the present studies, are worthy of further 
attention.
As a result of the work reported, it can be recommended that 
transient frequency deviations should be taken into account in power system 
transient stability studies which, if they are to take proper advantage of the 
refinements, should employ an accurate method of integration (such as the 
Runge-Kutta method) with possibly a step time interval of 0. 025 sec. or less, 
although the normal step time interval of 0. 05 sec. may normally be expected 
to be adequate. It is desirable to include all frequency-dependent factors in 
the representation of the system for, although the system load effects are the 
most predominant, neglect of the smaller factors allows only a small saving 
in computing time (less than 15%) and even if in this case stability is assessed 
with acceptable accuracy, current and voltage distributions in the system may 
be sufficiently in error to give erroneous relay settings.
The procedures and models introduced to take account of 
transient frequency deviation effects can be readily incorporated in digital 
computer conventional transient stability programmes.
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10 APPENDIX
10 1 Solution of voltages under transient conditions
The bus where the e . m. f . of a machine acts will be referred 
to as the machine internal bus. Under transient disturbances, when the e. m. f's 
of the various machines swing, the voltage and current phasors for the whole 
system change their phase angles with respect to the X-axis of the reference 
plane (See Figure 2.2).
Voltage at the machine internal bus m, is
V _ E cos 6 + jE sin 5 (10 1)~m m m m m
Replace all the loads by their equivalent admittances at the 
system nominal frequency Then, as a first approximation, the voltages for 
all other buses are taken as
-k 1 + 1°
By using the above approximate voltage values, node voltages 
are corrected one by one while assuming the others as constant. Let a voltage 
correction for the node k, that is,
= " k  +
be added to the voltage of node k, so that it gives the nett current to the node
Estimated voltage of node k,
4 ek + K
as zero.
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Nett cu rren t to the node,
N
2 L(G ki jBk*> V
Equating the real and im aginary components of L , gives
K
c i = 2  (G e -  B, g )k £ = i  k£ a k i  b i  ’
d. = 2  (G. g + B. e )k £ = i  kji i  k i i
In o rd e r  to make the nett cu rren t input to the node k equal to zero,
(ak + jbk> • <Gkk + jBkk> + 4
- 4
Gkk + jB kk
o r
ak =  -  <4 Gk k + 4  Bkk> /  <G! k + Bt k )
4  = < 4  Bkk -  4  Gkk> « 4  + BL >
( 10 . 2 )
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In th is way, voltages fo r all the o ther nodes a re  calculated
in com plex form  and the p rocess is repeated until the voltage co rrec tio n  falls
-5w ithin a p redeterm ined  index, for exam ple 10 P . U .  volts.
The co rrec ted  voltage for the node k is then 
= (ek + ak> + j (gk + bk>
B ranc h C u rren ts
II (V, -  V ) .
- k  - a \  > = r k f  +  j r ’ k !
=
+a>i
____
i
i-------1
bßl
•r->
• <G k i + >B
Equating the rea l and im aginary  components,
rM (ef ek> ° k i  '  (gi  '  Sk* Bki 
r ’k* = (ei  -  6k> Bki + <gi  -  gk> Gki
P hase  angles
A rctan  k j
A rctan (gk + bk> 
f k + ak>
In operation, using an acce le ra tin g  facto r o f 1. 6, the above method converges
in 15-20 ite ra tions to give a solution c o rre c t to within the abovementioned index 
of 10-5 P. U. volts.
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10. 2 Torque-Slip and Current-Slip Characteristics versus Frequency
Figure (5. 2) indicates the equivalent circuit of an induction 
motor. R' + jX’ is the equivalent impedance of r + jx andjx in parallel
-L -L I I  o
as shown in Figure (10. 1), By applying Thevenin's theorem,
2 (1-s)
Fig. 10. 1 Equivalent circuit for Fig. 5.2 byThevenin’s theorem.
X =  X +  X11 1 3
V = V J 3 a
r + ix 
1 J 11
and T
2 r2
m V a T  P
27Tf {(R^ + T_ 2 ) 2 + (X^  + x2) 2 (T ) }
-— -—„—  newton-m (10. 5)2 . f . 2
From equation (10.5), the slope of the torque-slip characteristic at s = 0,
d s
m V  p a
2 7 r f  r
( 10 . 6 )
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The c u rre n t drawn by the m oto r,
I a
V
y < R ;  + 2 + (x^  + x2) 2 .
s
(10 7 )
F rom  equation (10.7), the slope of the cu rre n t-s lip  c h a rac te ris tic  at s = 0,
9 1 V
___ = a (10.8)
9 s r 2
Equation (10. 8) indicates 
operating frequency, at s = 0.
9 I
9 s
is independent of the instantaneous
From  the cu rre n t-s lip  ch a rac te ris tic , I = I + C’s, w here 
the coefficient C’ is  modified fo r instantaneous frequency as
C ”
2 2 
R + X
R + (r )^ ) 2 x2
(10.9)
and I = Iom + C” s (10. 10)
With the modified cu rren t and knowing the active power, the 
instantaneous reactive  power can be calculated.
10.3 N orm alized T orque-slip  C urves for Induction M otors
figure (10.1),
F rom  the equivalent c ircu it of an induction m otor shown in
T = ( 10 . 11)
257
The equation (10.11) can be normalized by writing it as a
rr srelation between the ratios / t and / s  m .max max T
The torque developed by an induction motor is maximum when 
the power delivered to ( r2/s) branch in figure (10.1) is a maximum. This 
requires the impedance matching principle in circuit theory, i. e. the power 
delivered to the branch (r2/S) will be a maximum wThen its magnitude is equal 
to the magnitude of the impedance of the remaining circuit.
i. e.
or
and
max T
/  k ;2 + pq  + x2>:
max T
/ V  + <X1 + x2>2
0.5 x m V
max 1 { R i  + J  K 'l  + (X'  + x / j -
dividing equation (10.11) by (10.13),
(10. 12)
(10. 13)
T
Tmax
2
(R^  + r2 /g )2
+ (X^
+ (X ’j
+ X2>
+ X2>
(10.14)
Substituting the value of r
Ca
byTA’, we get,
in (10.14) from (10.12), and replacing ( )
T
Tmax
1 + J P? ~+ 1
1 + 0 . 5  rzr-rr (s r  S n a x T
v s max T s 9
(10.15)
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Figure (10.2) indicates the effect o f’A'for normalized curves, 
for a general purpose induction motor within the range of 1 to 1000 horse­
power for which the information such as inertia factor, power factor, 
efficiency, full load and magnetising current, has been assembled in section 
(5 1.1.5). The factor ’A varies from 3 to 7 and the ratio Tmax/x  varies 
from 2 to 3.
If'A' becomes infinitely large, there is very small influence 
on the normalized curves shown in figure 10.2, and the equation (10.15), 
becomes,
T —-—  + smax T
max smax T 5
(10.16)
Equation (10. 16) has been employed to study the starting 
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10.4 Effect of Number of Poles on Inertia Factor
179From the design formula of an induction motor,
1.11 K 7r 2 B ac d2 JL f -3
Input KVA = ______ w_____________ o_ 10 (10.17)
rj p cos 4>
5.48 x 10 6 J n 2
H = ________________ !_  KW-sec/KVA (10.18)
Rating in kVA
Assuming the rotor to be a solid cylinder,
2 277 d d 2-----  Ü ------ Kg - mJ P 4 8
(10. 19)
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or from equations (10.17, 10.18 and 10.19),
d2 f
K ___ 9
B ac p
( 10 . 20 )
where 17. 7P  ^ cos cj>
The diameter of the rotor depends upon the number of poles and the shape of 
poles, such as square or rectangular. In order to study the effect of number 
of poles on the inertia factor, assume square poles, which is the usual 
practice.
That is; pole pitch = rotor length
77 d
Substituting for l  in equation (10.17),
T , T^T_, B ac d fInput KVA a t  o
For fixed values of Input KVA, B, ac and f ,o
Constant
d o< p2/3 ( 10 . 21)
Substituting for d in equation (10. 20),
1/3
H c*
B ac ( 10 . 22)
261
Equation (10. 22) indicates that the in ertia  fac to r w ill increase  
when the num ber of poles is increased  for fixed values of specific magnetic 
and e lec tric  loading, which in p rac tice  depends on the d : i ra tio . However, 
because of the cube root, th is increase  is only a sm all one as the num ber of 
poles in c reases . F rom  equation (10.22) th e re  will be a reduction in inertia  
fac to r due to increased  values of B and ac. M oreover, the in ertia  fac to r 
contribution by o ther moving p a rts  of the m otor, such as the overhangs of the 
ro to r winding, slip rings, shaft, cooling fan, pulley and the ro to r end rings, 
w ill fall due to reduced synchronous speed, which fu rth e r reduces the overall 
in e rtia  fac to r of the m otor itself, and thus the in e rtia  fac to r becom es approxi­
m ately independent of num ber of poles. In p rac tice , for economic reasons of 
m anufacturing, it is  not always possib le to have square poles, because the 
standard  fram e sizes w ill r e s tr ic t  the choice of ro to r d iam eter, and consequently 
the in ertia  fac to r does not follow a definite law. The in e rtia  fac to r contribution 
of the load has been found a t le a s t equal to that of the driving m otor as pointed 
out e a r lie r .
10.5 A ssessm ent of Equivalent P a ra m e te rs  (Full load slip, V, power factor,
H and I )______ om
F or an equivalent to rq ue-slip  c h a rac te ris tic , the overall slip 
fo r a group of induction m otors is required .
In figure (10.3), the to rq u e-s lip  c h a ra c te r is tic s  of two induction 
m otors a re  shown as nos. 1 and 2.
F rom  the assum ption of linearity ,
T = a s and T = a  s 
x  _L Z
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the resultant slip,
s
T + T 1 2
“ i  +
(10. 23)
746 x 60 hp.
T = ___________ j newton-m
j 2 77 n . (1 - s.)
1] J
Resultant Characteristic
Fig. 10.3 Resultant of two torque-slip characteristics.
For an equivalent motor, substitute equation (10.24) in (10. 23),
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s
h P- h p,
ni l  ^  ” Sl^ ni2  (1 ” S2* (10. 25)
h P. hp .
ni l  (1 " S1)S 1 n i2  (1 -  S2> S2
For j types of motors with K quantities,
Ki  • h Pi . K2 ~ h p 2 . . . .  K.ih p i
Equivalent slip = °11 (1 ~ 81> + V *  '  V  (10.26)
(in p. u .) K1 . h p 1 K2 ‘ h p 2 Kj h Pj
nr i < ' - s i ) s i + ni 2 (1- s2>s 2 ni j (1- sj) s i
Equivalent efficiency v  K. . h p.t L l _ _ _ _ _ J.
V K. h p.
S  3 3
Equivalent Inertia factor 
(in KW -  sec/KVA)
E
E
E
E
K.
3
. h p . . H.
3 3_
cos cb . 
3
K.
3 • h p i
"j
COS cb .
3
K.
3 • h p i
”1
K.
3 • h p i
 ^3
coscb. 
3
(10.27)
(10.28)
Equivalent Power factor (10.29)
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Equivalent m agnetising cu rren t 
(as frac tion  of full load 
cu rren t)
E
K. . h p. . y  . 
J J 3
COS 4).
E
K. h p . 
J______3
cos <b. ri . 
Y3 3
(10.30)
10.6 Study with Equivalent C ircu it
F rom  the assum ption of linearity , that is T = a  oo
then J  . __ = cl co -  T (10.31)
dt * 1
i. Assum ing Tg as constant,
T
w -  I + A’ . exp ( - “ ) t
Ja
and A’ = oo
o
T
l
a
(10.32)
given by,
From  equation (10. 32) the instantaneous angular speed is
T
= ——  (1 -  exp {-°L) t) + exp (JjL) t (10.33)
ii. A ssum ing = a go , w here "a" is a constant, then the equation (10.31) 
bee om es,
J  .
d oo
a udt O'co (10.34)
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oo = A’ . exp ___?■) t
J
(10 .35 )
and
From  equation (10. 35), the instantaneous angular velocity  of
the m otor,
oo =  oo . exp ( CL a.) t 
o J
(10 .36 )
10. 7 Study w ith  P rop osed  A pproxim ate Method
From  the assu m p tion  of lin ear ity , T = a  s , under steady sta te  
T
con d ition s at the point F, a  = ±  .
s
oo
00 —  00
1
d s 
d t
-  1 d oo (10 .37)
and J .
d <*>
d t o?s -  T,
J ( -  u> ) d s
1 d t
ö s  -  T. (10 .38)
i. A ssu m in g  Tg a s  constant,
from  equation (10 .38 ), the instantaneous s lip  is  obtained a s ,
_J__  + A’ . exp ( I f f  ) t
a  J oo^
(10 .39 )
266
Tand A’ = -  _j__
a
(10.40)
The instantaneous slip in p. u. of the motor is given by,
(1 -  exp ( -  —ÜL_ ) t) + s 1 . exp ( -  -Ü) t (10. 41) 
J 00^  1 Jc 1^
ii. Assuming = aoo , where "a” is a Constant, then
equation (10.38) becom es,
/ v d s( -  go ) ____  = a s - a w + a u s
1 d t  1 1
= ____ 1 + A’ . exp -  ( a  a 1 ) t
c l + a ^  J go^
From equation (10.43), 
a goA’ = s ____±—
 ^ ö l + a go^
The instantaneous slip in P. U. of the motor is given by,
J
or
(10.42)
(10.43)
(10.44)
a go
a  + a co
(1 -  exp -  (.
cl + a go  a +  aGo
— ----- —) t) + s exp -  (—— — - )  t
J GO J- J GO
(10.45)
10. 8 Effect of Reactive Power on Active Power
In order to see the effect of reactive power variations on the 
active power demand, an inductive load has been considered, as shown in figure 
(10.4), supplied through a transm ission line of R' + j X' impedance.
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Vg R» X»
— / a w --- nrwnsv-
s
Fig. 10.4 Inductive load supplied through 
a transmission line.
Vr
Iv r
^  Load
By using the approximate formula for the sending end voltage,
V = V + I R! Cos 4 ^ + 1  X’ Sin s r  r  r
Given I and V , the base current and voltage respectively, r r
V
s
Vr
1  +
I R* _ I X 'r  cos & + r
Vr Vr
sin &
I II
(10.46)
For a fixed value of V , the reactive power at the receiving 
end is proportional to I sin 4r . If this component falls, then the sending end 
voltage falls and results in a nett reduction in the active power demand at the 
sending end. For example, assuming that per unit resistance and reactance 
are 0. 02 and 0.1 respectively,
For 0. 8 lagging power factor load current of IP. U. at 1 P. U.
voltage,
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V = 1 + 0. 02 x 0. 8 + 0.1 x 0.6
s
i i i
= 1.076
For 1% change in reactive power at the receiving end, the term
II in equation (10.46) is reduced by 1%, resulting in a 0. 06% change in V , ands
the active power demand is reduced approximately by 0.12%; whereas for 0. 9 
lagging power factor load, 1% reduction in reactive power at the receiving end 
will result in a 0. 0872% reduction in the sending end active power demand.
10. 9 Variations of input power to an inductive circuit when the circuit 
resistance is inversely proportional to the current, that is. R°* j-
or R (10.47)
Current in an inductive circuit,
/ R2 + (2 77 fL)2 (10.48)
Substituting for R in equation (10.48) and rearranging,
(K)2 + 4772 f2 L2 I2
V2 - K2 
477 2 f2 L2
(10.49)
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Active power input, 
P = I2 . R
Substituting for I and R from (10.47) and (10.49), 
K:V 2 - ^
4 TT 2 f2 L2
V2 -  K2 
47T2 f2 L2
/  2 2 
K . V V - K
2 77 f L
or P V sin 
f
Reactive power input, 
Q = I2 . 2 77 f L
Substituting for I from (10. 49),
k '
Q
V2 -  K2 
4 772 f2 L2
V2 -  K2 
2 77 f L
V2 Sin 2 <t>
X 2 77 f L
(10. 50) 
(10.51)
(10.52)
or Q °< f (10.53)
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10. 10 V ariations of input power to an inductive c ircu it when the c ircu it 
re s is tan ce  is independent of frequency
V2 . R
2 2 2 2 
R +477 f L
(10. 54)
Equation (10. 54) indicates that the active power falls when 
the instantaneous frequency r is e s .
Q
2fff L
2 2 2 2 
R + 4 77 f L
(10. 55)
D ifferentiate equation (10. 55) with re sp ec t to f,
dQ = 2 77 L V2 {(R 2 + 4 772  L2 f2) -  877 2 L2 f2?-
df = ( R2 + 4 Tr2 f2 L,2) 2
(10. 56)
Fbrasaddle point, —  should be zero , dt
From  equation (10. 56),
4 1T2 f2 L2 o r
R = 2 77 f L (10.57)
o r  Instantaneous R esistance = Instantaneous Reactance 
o r  the operating power fac to r = 0. 707
From  equations (10. 55 and 10. 57), i t  is  observed that Q is 
m axim um  when the operating power factor is  0. 707, that is ,
Q will be maxim um  at a frequency which will operate  the 
c ircu it a t 0. 707 power factor.
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^frequency-dependent dynamic representation 
As* of induction-motor loads
M. Y. Akhtar, B.Sc.(Eng.), B.E.
Synopsis
For comprehensive transient and dynamic stability studies, induction-motor loads have usually been 
represented by fixed shunt impedances at system nominal frequency. A method is proposed here which 
allows single induction motors or groups of induction motors to be considered as frequency-dependent 
and dynamic. If the necessary parameters of the motors are known and if computation effort is not a 
problem, accurate assessment can always be made for single machines or groups of machines but may 
involve lengthy calculations. Alternatively, an approximate, rapid method is presented which gives the 
change in active-power input to an induction motor or group of induction motors due to inertia and 
frequency-variation effects to within ±2%  of the actual change for known power factor, inertia factor and 
full-load slip; and to within ±5%  of the actual change when the assumed parameters are within the 
following limits: power factor within ±5% ; inertia factor within ±10%  and full-load slip within ±20%  
(where the actual change in power has been assessed by the use of an equivalent circuit). The change in 
reactive power, as assessed, is within ±20%  of actual change in reactive power. ±5%  change in operating 
frequency has been considered. For simplicity, windage and friction losses have been taken as an integral 
part of the load supplied by the motor, and core losses have been assumed constant. These methods can 
be applied to power-system stability studies, as illustrated by an example.
List of symbols
P  =  active-power input 
Ph =  horsepower 
«! =  synchronous speed, rev/min 
rtro — full-load speed, rev/min 
n0 — speed at the end o f the interval, rev/min 
n =  instantaneous speed, rev/min 
/ 0 =  base frequency 
/  =  instantaneous frequency 
s — instantaneous slip 
S«, =  full-load slip
sj =  instantaneous slip at the beginning of interval 
s2 — slip at the end of the interval 
a =  slope of torque/slip and torque/speed characteristic 
T, =  load torque 
T =  instantaneous motor torque 
A t =  time interval 
J =  moment of inertia 
tu, =  synchronous angular velocity 
to =  instantaneous angular velocity 
o>0 — angular velocity at the end of the interval 
H  =  inertia factor 
t] =  efficiency of the motor 
m =  number of phases 
V =  supply phase voltage 
r0 =  resistance equivalent to no-load losses 
r x =  stator resistance 
* 1  =  stator reactance 
r2 =  rotor resistance as referred to stator 
x2 =  rotor reactance as referred to stator 
x3 =  magnetising reactance
R, X  =  resistance and reactance equivalent to active- and 
reactive-power input to the motor, respectively, 
at a given supply voltage 
/  =  current drawn by the motor 
I0m =  magnetising current
R', X ' — transmission-line resistance and reactance, respec­
tively
Vn Ir — receiving-end voltage and current, respectively
Vs, Is =  sending-end voltage-and current, respectively 
tfi =  phase angle between Vr and /, 
cos <f> =  power factor of an induction motor 
d, l =  rotor diameter and length of an induction motor, 
respectively
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B =  specific magnetic loading, Wb/m2 
ac =  specific electric loading, A cond./m  
K„ =  winding factor 
p  =  number of pairs o f poles
Yj =  magnetising current as fraction of full-load current 
p =  density of the rotor material 
/  =  current iteration 
i — 1 =  preceding iteration to i
1 Introduction
Load flow, stability studies and load surveys are 
periodically carried out, and load trends11 are considered at 
various points in power systems at intervals by system 
planners so that future power demands can be met con­
veniently for the worst predictable conditions. At the detailed 
local levels o f planning, rudimentary data for various types 
of loads are usually available. By considering various aspects, 
such as demand factor, diversity factors, efficiency and power 
factors of equipment, the active- and reactive-power demands 
can be ascertained for a particular time and for the worst 
conditions. Owing to lack of adequate information and con­
venient methods of assessment, induction-motor loads have 
previously been represented for power-system transient and 
dynamic stability studies in various ways, such as by
(a) constant shunt impedance at system nominal frequency, 
giving active and reactice powers directly proportional to 
the square of the terminal voltage
(b) constant-current sinks, giving active and reactive powers 
directly proportional to the terminal voltage
(c) nonlinear loads.
All o f these representations treat the loads as static and 
independent of frequency, but they are, in fact, dynamic and 
frequency-dependent. It has usually been considered that the 
results obtained in this way are safe;1 however, an example 
in Section 3 suggests that this belief may be erroneous.
In the case of important induction motors (such as pump 
motors in power stations), for which a great deal o f informa­
tion is available, representations in comprehensive computer 
programs have ranged from steady-state equivalent circuits, 
through approximate equations which give asymptotic 
behaviour, to exact equations derived from the circuit 
analysis o f the machines,8 and have taken account of vary­
ing terminal voltage and operating frequency.5,10
Induction motors contribute significantly to power-system 
loads, their input active and reactive powers depending upon 
the instantaneous magnitudes of the terminal voltage and 
operating frequency. In the past, the change in instantaneous 
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speed of synchronous machines under disturbed conditions 
has been neglected, as it has been considered insignificant.1 
However, during electromechanical oscillations on power 
systems, the instantaneous frequency does change, and 
changes in system loads have been previously taken into 
account,7 for example, by a system damping coefficient of 2. 
Further, the system frequency is a very powerful parameter 
available for adjustment by the power-system controller, but 
information regarding load variations with instantaneous fre­
quency is not readily available.
From the point of view of economy, the system should be 
designed close to stability limits, and, from the operational 
viewpoint, knowledge of the true behaviour of the system 
is essential.
It is the aim of the paper to treat induction-motor loads as 
being dynamic and frequency-dependent for power-system 
stability studies. Two methods are presented, one being 
accurate and applicable to the case where parameters of the 
equivalent circuits of individual machines are known, the 
other being approximate, more rapid, and useful, irrespective 
of whether knowledge of motor equivalent-circuit parameters 
is or is not available. In the approximate method, full-load 
slip and inertia factor may be designated from typical repre­
sentative values.
2 Dynamic and frequency-dependent 
representation
Full-load slip of induction motors normally varies 
from 5-5 to 1%, inertia factor varies from 0 1  to 0-3 and 
magnetising current varies from 50 to 20% of the full-load 
current for general-purpose induction motors, over a range 
of 1 to lOOOhp, as shown in Tables 1 and 2 (which have been 
assembled from information provided by several manu­
facturers).
It has been verified in practice that the inertia-factor con­
tribution of loads such as drilling, grinding, milling and 
spinning machines, fans, lathes, pumps, compressors etc. is 
quite significant, and at least equal to that of the driving
motor. Installations with exceptionally high inertia factor,
such as Ward Leonard-Illgner speed-control and large 
motors, fall under the category of important induction 
motors and should be considered separately.
Tests quoted, for example in Reference 2, can give some 
idea of load-torque variation with speed (otherwise the safest 
case is to treat the load torque as being constant). Load 
reductions due to frequency change assumed in Reference 7 
indicate that T oc co", where n >  1.
0-6 
time, s
Operating frequency against time at the motor terminals 
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2.1 F requency  range
To study the dynamic and frequency-dependent 
behaviour of induction motors, a frequency range of 
50 ± 2-5Hz has been selected. The 2-5Hz change has 
been distributed over 18 intervals, each of 0 05 s, as shown 
in Fig. 1; the law of variation closely corresponds to the 
swing curves of synchronous machines under disturbed con­
ditions. In practice, frequency variations are less, but these 
excursions will serve to compare the proposed approximate 
method with more precise calculations carried out using 
equivalent circuits.
2.2 T orque /s tip  and current/s lip  charac te r is t ics
In general, the equivalent circuit shown in Fig. 2 can 
be employed to determine the performance characteristics of 
an induction motor. Fig. 3 indicates the torque/slip and
Induction-motor equivalent circuit
Fig. 3
Characteristics o f  15hp squirrel-cage induction motor for various 
operating frequencies
a Torque against slip (i) 48-75 Hz
b Stator current against slip (ii) 50-0Hz
(iii) 51 -95 Hz
stator current/slip characteristics for a 15hp squirrel-cage 
induction motor at various operating frequencies, when the 
terminal voltage is held constant. On examining Fig. 3, it is 
observed that the characteristics are linear to a good approxi­
mation over the working range of slip, and this property has 
already been employed for studying the natural oscillations 
of induction motors.3 Eqn. 2 of Appendix 8.1 indicates that 
the slope of the torque/slip characteristics is inversely propor­
tional to the operating frequency, at s = 0.
2.3 R epresen ta t ion  with equ iva len t  circuit
Fig. 4 indicates the torque/slip characteristics at 
various frequencies for a 15hp induction motor, when the
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terminal voltage is held constant. The characteristics are 
substantially linear over the working range; moreover, the 
part of the characteristic F'K ' is small. Considering the
200)-
1300 1400
speed, rev/m in
1500
Torque/speed characteristics of I5hp squirrel-cage induction motor
Illustrating  the  effect o f  change in  operating  frequency
behaviour of the motor when the operating frequency is 
changed from / 0 to /, immediately the operating characteristic
changes, i.e. for frequency / 0, the motor operates on charac­
teristic a (at point F), under steady-state conditions. The 
time interval for this change in frequency has been taken 
as Ars. On changing the frequency from / 0 to /, the torque 
developed by the motor corresponds to the point F'. The 
motor accelerates and follows the path on the characteristic b,
,H= 3-0
H = 1-0
I 1500.
speed, re v /m in
1350 1400 1450 1550
Fig. 5
Torquejspeed characteristics of 15hp squirrel-cage induction motor
Indicating the  dynam ic and  frequency-dependent behaviour with different inertia 
factors when the  load  to rque  is constan t and  frequency varies from  50 • 0 to  52 • 5 Hz 
n 0 -9s, as show n in Fig. 1
as shown. The final speed at the end of the time interval Ar 
depends on the interia factor of the machine. For higher 
values of inertia factor, the speed will change from n0 to n', 
whereas for lower values it will change from n0 to n". 
Assuming that the F 'K ' part of the torque/speed charac­
teristic is linear, the equation of motion for the motor can 
be derived as in Appendix 8.4.
Following the steps indicated in Appendix 8.4, the dynamic 
and frequency-dependent behaviour of an induction motor 
can be studied for various values of inertia factor. The steps 
from (iii) to (xiii) are repeated for each step change in 
operating frequency. Curves, as shown in Figs. 7, 8a and b, 
have been obtained in this way.
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2.4 P ro p o sed  app ro x im a te  m ethod  for assess ing  
ac t iv e  power
It is somewhat unlikely that comprehensive parameters 
on induction machines connected to a power system will be 
readily available; this raises the need to predict the various 
key parameters of induction motors. In an attempt to dis­
cover typical trends in parameters against motor ratings, 
Tables 1 and 2 have been assembled from information supplied 
by various manufacturers. Although individual motors of a 
given rating have parameters extending over relatively broad 
limits, an attempt has been made to determine average values. 
It will be seen later that these Tables are useful in practice, 
particularly when it is realised that a power system will 
normally supply thousands of different motors, and statistical 
factors will consequently apply.
Appendix 8.2 shows that inertia factor is approximately 
independent of the number of poles, and Appendix 8.3 
indicates how equivalent parameters can be determined for 
a mixed group of induction motors, using information on 
parameters of individual machines, if known, or employing 
the values from Tables 1 and 2 (as being representative) in 
the more usual case in which all that is known about indi­
vidual machines is horsepower rating and number of units.
Fig. 6 indicates the torque/slip characteristics of an induc-
Torque/slip characteristics
Indicating  the  slope used by the  suggested approxim ate m ethod
tion motor operating at the point F with slip s0. When the 
operating frequency is changed from f 0 to f  the motor 
operates on a characteristic corresponding to /  (it has been 
assumed that / >  / 0). As already mentioned, the slope of the 
characteristic at s =  0 varies inversely with the operating 
frequency (as shown by eqn. 2), and the operating point F 
shifts to F', having the instantaneous slip 5. The motor 
accelerates and its slip falls, following the curve F'O in 
Fig. 6. The equation of motion can be derived as in 
Appendix 8.5.
Following the steps outlined in Appendix 8.5, the dynamic 
and frequency-dependent behaviour of an induction motor 
can be studied conveniently without the knowledge of equiva­
lent circuit constants. The steps v and xi are repeated for each 
step change in instantaneous frequency; in this way, the 
appropriate curves in Fig. 7 have been obtained.
In the foregoing, the core losses have been taken into 
account by the efficiency of the motor, which has been 
assumed constant because its change is negligible.
Examination of Fig. 6 reveals that the slope of the 
torque/slip characteristic used is greater than the actual, and, 
from Fig. 7, it is observed that only 90% of the overall 
change in active power has been taken into account because 
of this fact. Two alternatives for improvement are:
(a) reduction of slope of the torque/slip characteristic
(b) increase of working slip.
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Table 1
SHOWING VARIOUS TYPICAL INDUCTION-MOTOR PARAMETERS
Number Horsepower Full-load slip
Overall change at 51 -25 Hz
Full-load Magnetising
Active power Reactive power
line current line current
kWs
kVA rating % % % A A
i 5 s.r. 0 1 8 2 - 0 5 - 5 9 — 1 62 7 - 5 3 - 9 7
2 7 - 5 s . c . 0 1 1 3 5 -3 4 - 4 4 - 0 - 7 9 1 0 -0 4 - 6
3 lOs.c . 0 1 4 - 6 6 3-21 - 0 - 7 6 13-5 6-1
4 lOs.c . 0 1 2 2 - 3 2 - 9 3 1 - 38 13-5 4 - 6
5 10s.r . 0 - 2 8 4 1 -67 10-61 1 -35 14-5 5 -8
6 15 s.c. 0 - 1 0 6 2 - 3 2 2 - 7 4 1 - 76 2 0 - 5 6 -1
7 15s.r . 0 - 1 7 2 3 - 0 4 - 7 7 0 - 2 7 2 1 - 5 1 0 -15
8 2 0s .c . 0 - 1 2 3 -3 3 3 -6 5 0 - 0 4 7 2 6 - 5 9 - 7
9 2 0s .c . 0 - 1 4 1 - 86 2 -8 8 1-08 2 6 - 5 9 - 3 6
10 2 0 s . r . 0 - 2 3 - 7 6 - 2 6 4-01 2 7 - 5 1 0 -0
n 25  s.c. 0 - 1 3 4 4 - 0 4 - 3 8 2 - 3 0 3 2 - 0 9 - 5
12 30s.c . 0 - 1 8 2 - 3 8 3 - 1 2 8 - 8 5 4 0 - 5 10 -5
13 4 0  s.c. 0 - 1 7 5 1-5 2 - 8 0 1-73 5 4 - 0 1 5 -4
14 4 0 s .c . 0 - 2 4 2 - 6 6 3 -5 5 1-04 5 2 -5 18-5
15 4 0  s.r. 0 - 3 8 1-28 7 - 2 8 2 - 7 5 5 5 - 0 19-71
16 50s.c . 0 - 1 4 4 1-51 2 - 5 8 1-12 7 1 - 0 2 6 - 5
17 50s.c . 0 - 2 2 - 6 6 5 - 2 6 1 95 6 4 - 0 19 5
18 50s.c . 0 - 2 1 7 1 - 33 3 -3 3 1 1 3 6 4 - 5 2 1 - 5
19 6 0 s . r . 0 - 1 5 7 2 - 8 4 - 3 2 2 - 2 6 8 0 - 0 2 8 - 4
20 75 s.r. 0 - 1 3 7 2 - 3 3 - 3 7 0 - 6 8 102-5 4 2 - 7
21 75s.c . 0 - 2 1 8 1 - 35 3 - 3 6 2 - 9 6 1 0 3 -0 2 9 - 5
22 100 s.r. 0 -1 5 3 2 - 4 3 - 8 2 2  21 1 4 7 -0 4 5 - 8
23 100 s.c. 0 - 2 2 2 - 1 3 4 - 6 5 2 - 6 2 1 2 5-0 2 3 - 5
24 200  s.c. 0 - 2 5 l -46 5 - 6 4 6 - 2 5 1 3 6 -0 3 2 - 5
25 2 00  s.c. 0 - 3 1 -87 7 - 6 2 11-25 25C-0 5 1 -8
26 25 0 s .c . 0 - 2 5 1 - 33 4 -11 6 - 0 8 4 0 - 0 8 - 0 7
27 45 0  s.c. 0 - 2 8 1 -48 5 - 3 6 8 - 6 6 7 1 - 0 12-1
Full load slip, inertia factors and overall changes in active and reactive powers at 51 -25* Hz, as shown in Fig. 1 and expressed as percentage change per 
2-5%  change in frequency, when the load torque is constant 
s.c. =  squirrel-cage induction motor 
s.r. =  slipring induction motor
* Because there is maximum acceleration at this frequency during the whole change, as shown in Fig. 1
T ab le  2
SHOWING THE AVERAGE VALUES OF KEY FACTORS FOR A RANGE OF 1 -  10 0 0 11P INDUCTION MOTORS
H o r s e p o w e r ......................................... 1 2 4 10 20 40 100 200 400 1000
I n e r t i a  f a c to r ,  T—
i n p u t  k V A
0 - 0 9 0-1 0 - 1 1 5 0  13 0 - 1 4 5 0 - 1 7 0 - 2 1 5 0 -2 5 5 0 - 3 0 - 3 8
F u l l - l o a d  s lip , %0 . . .  . 5 - 8 4 - 7 3 - 7 5 2 - 9 2 - 4 2 - 0 1 -7 1-5 1-5 1 -35
F u l l - l o a d  p o w e r  f a c t o r 0 - 7 8 0 - 8 0 - 8 3 0 - 8 6 0 - 8 8 0 - 8 9 0 - 8 9 6 0 - 9 0 -9 1 0 - 9 1 5
F u l l - l o a d  eff ic iency, %  . 8 0 - 0 8 2 - 0 8 4 - 0 8 7 - 0 8 9 - 0 9 0 - 0 9 2 - 0 9 2 - 5 9 3 - 0 9 4 - 0
M a g n e t i s in g  c u r r e n t  
F u l l - l o a d  c u r r e n t  /
0 - 6 3 0 - 5 4 0 - 4 6 0 - 3 8 0 - 3 3 0 - 2 8 0 - 2 5 0 - 2 3 0 - 2 2 0 - 2
T able  3
SHOWING THE EFFECT OF ERROR IN EQUIVALENT PARAMETERS ON ACTIVE-POWER IN PU T TO GROUPS OF INDUCTION MOTORS AT 51 '2 5  HZ 
INSTANTANEOUS FREQUENCY
Active-power 
input to 
8175hp group
Assessed 
change as 
percentage of 
true change
Active power 
input to 
3787-5hp 
group
Assessed 
change as 
percentage of 
true change
Remarks
MW % MW °/o
6 - 3 4 1 0 — 2 - 8 2 4 0 — A t  50  H z  u n d e r  s t e a d y - s t a t e  c o n d i t i o n s
6 - 5 9 0 8 100 2 - 9 4 6 6 100 C a lc u la t i o n s  b y  a c tu a l  e q u iv a l e n t - c i r c u i t  p a r a m e t e r s
6 - 5 8 5 9 9 8 -4 3 2 - 9 5 1 0 103-5 C a lc u l a t i o n s  b y  a p p r o x i m a t e  m e t h o d  w i th  k n o w n  p a r a m e t e r s
6 - 5 8 7 0 9 8 -8 7 2 - 9 4 7 0 100-32 C a lc u l a t i o n s  by  a p p r o x i m a t e  m e t h o d  w i th  a s s u m e d  p a r a m e t e r  a s  o u t l i n e d  in 
A p p e n d i x  8.3
6 - 5 7 4 6 9 3 - 8 9 2 - 9 3 8 9 93-71 C a lc u l a t i o n s  b y  a p p r o x i m a t e  m e t h o d  w i th  5 %  r e d u c t io n  in t r u e  e q u iv a l e n t  p o w e r  
f a c t o r  a n d  2 0 %  r e d u c t i o n  in  t r u e  e q u iv a l e n t  s l ip
6 - 5 9 8 6 103-53 2 - 9 5 2 2 104 -5 6 C a lc u l a t i o n s  by  a p p r o x i m a t e  m e t h o d  w i th  1 0 %  in c r e a s e  in  t r u e  e q u iv a l e n t  
in e r t ia  f a c to r
6 -5 8 1 8 9 6 -7 8 2 - 9 4 1 0 9 5 - 4 3 C a lc u l a t i o n s  by  a p p r o x i m a t e  m e t h o d  w i th  5 %  in c re a se  in t r u e  e q u iv a l e n t  
p o w e r  f a c t o r
6 - 5 9 4 0 101-68 2 -9 4 8 5 101-55 C a lc u l a t i o n s  by  a p p r o x i m a t e  m e t h o d  w i th  1 0 %  in c re a se  in  t r u e  e q u iv a l e n t  i n e r t i a  
f a c t o r  2 0 %  in c re a s e  in  t r u e  e q u iv a l e n t  s l ip  a n d  5 %  r e d u c t i o n  in  t r u e  e q u i v a l e n t  
p o w e r  f a c to r
When treated as dynamic and frequency-dependent, for the frequency variations shown in Fig. 1
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The first alternative depends upon the overall swing of the 
slip, which is determined by the inertia factor, whereas the 
second alternative changes the slope of the torque/slip curve
50 hp
3500  ~
3400
operating frequency, Hz
Active-power input to 5 and 50Hz squirrel-cage induction motors 
against frequency
F o r norm al fu ll-load  slip and  40 % increased slip
---------------  A ctive-power inpu t by equivalent circuit
--------------- A ctive-power inpu t by suggested m ethod with norm al s
--------------- A ctive-power inpu t by suggested m ethod  w ith increased s
% values indicate overall change in active-pow er inpu t when treated  as frequency- 
dependent and dynam ic
and shifts the operating point to the right. Various values of 
working slips for different motors have been tried, and the 
results have indicated that a notional increase of 40% in 
overall working slip improves the assessment to within
±2% of the overall change in active power, as shown in 
Fig. 7. Consequently, in step (ii) of Appendix 8.5, sx  =  1-4 X 
full-load slip.
Figs. 8a and b and Table 3 illustrate the magnitude of 
errors associated with this method of viewing groups of 
machines under variable-frequency conditions (as shown in 
Fig. 1). Using this approach, an equivalent motor of the total 
group rating can be obtained (as shown in Appendix 8.3), 
and equivalent induction-machine parameters are then avail­
able for comprehensive assessment of the power system, even 
when the only details available are the number of induction 
motors and their horsepower rating. It is clear from Figs. 8a 
and b and Table 3 that, acting on meagre information and 
employing the approximate method proposed, performance 
can be assessed within reasonable agreement of that possible 
using more detailed information and more exact methods.
This method has been used successfully in the study of 
frequency-dependent dynamic behaviour of groups of induc­
tion motors, calculations such as that in the example of Sec­
tion 3 indicating that the method retains good accuracy.
4-16% 4 2% 4 38%
4 34%  4 -5 %
2-85
operating frequency, Hz
Fig. 8
Active-power input to groups of induction motors against instantaneous 
frequency 
a G roup  o f  3587 -5 hp 
--------------- - by  equivalent circuit
------------------- approxim ate m ethod  w ith assum ed param eters
------------------ approxim ate m ethod  w ith know n param eters
------------------ approx im ate m ethod w ith 5%  increase in  pow er facto r
-------------------approxim ate m ethod  w ith 10% decrease in  H
b G roup  o f  8175 hp 
------------------ by equivalent circuit
------------------ by approxim ate m ethod with assum ed param eters
------------------ by approx im ate m ethod  w ith know n param eters
------------------- by approxim ate m ethod  with increase o f  20%  in  slip and 10% in  H
-------------------by approxim ate m ethod  w ith decrease o f  20%  in  slip and  10%  in  H
Percentage values indicate overall change in active pow er under different conditions 
when trea ted  as frequency-dependent and  dynam ic
D etails o f  groups
R ating
N um ber o f  m otors
a b
hp
5 40 100
7-5 35 90
10 30 80
15 10 70
20 5 60
25 5 50
40 5 30
50 5 20
100 20 5
3-85°/o 4-15%,
Vo 3'94°/0 4 ■ 2 7°/o
operating frequency, Hz
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2.5 A sse ssm en t  of react ive  power
The total input reactive power is absorbed in the 
magnetising and leakage reactances. Considering the no-load 
approximate repressntation as shown in Fig. 9a, the part of 
the reactive power absorbed by this section is inversely 
proportional to the operating frequency. Fig. 9b indicates the
Fig. 9a
No-load section of induction-motor equivalent circuit
r , x, r 2 x 2
Fig. 9b
Induction-motor equivalent circuit (with no-load section omitted)
equivalent circuit for the induction motor with the no-load 
section omitted. The total resistance component of the circuit 
depends upon the instantaneous slip of the induction motor 
and falls when the slip increases. If the operating frequency 
goes up, the instantaneous working slip rises and results in 
a reduction in overall resistance of the branch. As the reac­
tance is frequency-dependent, the reactive power will go up 
under these conditions.
In the case of small motors, such as 1, 2, 5hp etc., the 
magnetising reactive power is usually predominant and results 
in a net reduction of overall reactive-power input under these 
conditions. On the other hand, the reactive power absorbed 
by the leakage reactance is predominant for large motors, 
such as 25, 50, lOOhp etc., and results in a net increase of 
overall reactive power. However, it is very difficult to put a 
firm dividing line between small and large motors; e.g. two 
50 hp squirrel-cage induction motors supplied by the same 
manufacturer can behave differently with regard to reactive- 
power input, as shown in Fig. 10, where one machine clearly 
has more leakage reactance than the other.
The reactive-power input to an induction motor under 
disturbed conditions depends upon the following factors:
(a) output
(b) power factor
(c) slip
(d) ratio of stator leakage reactance to magnetising reactance
(e) ratio of rotor resistance to stator resistance.
Fig. 10 indicates the behaviour of reactive-power input to 
various types of motors against operating frequency.
Two alternative methods for considering reactive power 
are:
(i) Treat the reactive power as constant for a group of 
induction motors, because
(a) such loads have a power factor ranging from 0-75 to 
0-93; i.e. the ratio between active and reactive power 
varies from 11 to 2-5, and the change in reactive 
power has very little effect on the active-power demand 
as shown in Appendix 8.6
(b) the overall change in reactive power is quite signifi­
cantly less than that of active power, as shown in Fig. 10 
and Table 1.
(ii) Treat the reactive power as variable.
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With respect to (ii), Fig. 3 indicates the current drawn by 
the equivalent circuit against slip under steady-state condi­
tions for various frequencies. From eqn. 4, d l ß s  at s =  0 is
.100 hp
75 hp
30
.60 hp
operating  f requency,  Hz
F i g . 10
Reactive-power input against operating frequency for various induction 
motors
----------------reactive power by equivalent circuit
--------------- reactive power by approximate method
Percentage values indicate overall change in reactive power by equivalent circuit
independent of frequency and the characteristic is sub­
stantially linear within the full-load range, as shown; i.e. 
/ cc 5, or /  I0m + Cs, where C is a constant which depends 
upon the instantaneous operating frequency and is used as 
in Appendix 8.1. In this way, about 80% of the overall 
change in reactive power can be taken into account in the 
assessment, as indicated in Fig. 10.
3 Application to stabili ty problems
The total instantaneous frequency at the load bus is 
taken as the total rate of change of phase angle of the bus 
voltage divided by 2tt. To apply the suggested representations 
of induction-motor loads in transient and dynamic stability 
studies using a digital computer, the following approach is 
used here:
(a) Obtain an overall load balance under steady-state con­
ditions, in conventional form.1
(b) Calculate the synchronous speed for the equivalent induc­
tion motors.
(c) Calculate the actual speed of the various equivalent 
motors, as n00j =  nXj( 1 — .v00y), where .v00y- = 1 - 4  (equivalent 
slip),- (Section 2.4).
807
(d) Calculate the various load torques.
(e) Calculate the core losses (represented by a fixed shunt 
resistance).
( / )  Calculate the slopes of the torque/slip characteristics as
(g) Determine the induction-motor currents for the induction- 
motor load as
h
(induction motor MVA, p.u.)y 
(load bus voltage)y
(//) Determine the constants of the stator current equations as
q  _
s00j
(/) Determine the equivalent shunt impedance for all the 
induction-motor loads.
(y) Apply the disturbance, and determine the initial con­
ditions.
( A )  Modify the slopes of torque/slip characteristics for all the 
load buses by eqn. 2 for the currently existing mean values of 
load bus frequencies.
(/) Modify the slopes of the current/slip characteristics for 
all the induction-motor loads by eqn. 5, for the currently 
appropriate value of load bus frequencies
(m) Calculate the coefficient Aj from the initial conditions at 
the beginning of the time interval At.
(n) Calculate the new instantaneous slips at the end of the 
time interval A t  by eqn. 3 or eqn. 34.
(o) Calculate the instantaneous torques developed by the 
equivalent induction motors at the end of the time interval 
A t,  as
Toj — s0jaj
(p) Calculate the instantaneous speed of the motors as
n o j  —  wi / l  — s 0 j )
(q) Calculate the active-power input to the various equivalent 
motors as
p  ~Z~Toj2rlnoT
> 60 r)j
(r) Calculate the input current to the various equivalent 
motors at the end of the time interval A t  as
f t  f o r , 1 /instantaneous bus voltage 1 
i  I  Omj f j  +  so j j  initial bus voltage J j
(5 ) Calculate the reactive-power input from current, active 
power and voltage.
(t)  Represent each equivalent motor by its shunt impedance 
for the currently existing values of load bus voltages for the 
active and reactive powers obtained in steps (q) and (s).
(«) Calculate the driving-point and transfer admittances for 
the various synchronous machines.
(v) Calculate the instantaneous angular positions of the 
synchronous machines by solving their differential equations, 
for the time interval A t  (which is usually 0 05 s).
(>v) Calculate the instantaneous load bus voltages and phase 
angles.
(x ) Calculate the instantaneous frequency at each load bus 
and modify it with accelerating factor as
f j  =  f { ~ 1 -f ( /j  — / / “ ') x accelerating factor
{y) Test for convergence of power angles o f various syn­
chronous machines to be within, say, 0 001°, and instan­
taneous load bus voltage and frequency to be within say 
10 5 6. If the test is not satisfied, go to step (k ) and repeat.
(z) Write the final angular positions of the various synchron­
ous machines.
The method outlined here proceeds towards a solution 
iteratively.
For an entirely convincing argument regarding the dynamic 
frequency-dependent behaviour of induction motors in power- 
system stability studies, the whole system should, o f course, 
be represented accurately on a dynamic frequency-dependent 
basis. However this complete representation is deferred for 
consideration elsewhere. For purposes of the present discus­
sion, the power system, except for the induction-motor loads,
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is represented at system nominal frequency. Consequently, 
any conclusions derived from this limited consideration are 
not necessarily valid to an accurate assessment of power 
systems, but serve to show the importance of considering 
induction motors on a dynamic and frequency-dependent 
basis.
A 4-machine problem1 whose line diagram and circuit 
parameters are given in Fig. 11a is offered as illustrating the 
effects being considered. In this problem, an induction-motor 
load is included at bus 7 as a part of the existing 84 MW 
total load. Fig. 116 shows the swing curves for all four syn-
P4‘ 1'2  /1 9 4 °E4=T19
H4 =7-65
P3= 0 2 4
E3 = 1-125 ^ 10'1°
H 3-4 -6 9
Fig. 11a
Line diagram on 100MVA base o f 4-machine power system for 
illustrating stability calculations
y 30
o 10
o -3  o j T ^ o s  ö fe------- *0 1
b re a k e r  1
»-fault com pletely 
cleared  /
Fig. 11B
Swing curves for four machines when 14'3% o f 84 M W  load at bus 7 
is represented as frequency-dependent and dynamic
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chronous machines assessed by conventional digital-computer 
programs (e.g. as in Reference 6), modified as indicated 
previously to take account of dynamic and frequency- 
dependent effects for the induction machines. The following 
cases have been plotted in Figs. 116 and c :
(i) considering the 84 MW load as passive
(ii) with 14-3% of the 84MW (12MW) treated as dynamic 
and frequency-dependent induction-motor load, being 
composed of small induction motors
(iii) with 40% of the 84 MW (33-6 MW) treated as in (ii).
It will be noticed that, whereas in case (ii) the system has been 
assessed as stable, but with less margin of stability than 
case (i), case (iii) is unstable. Indeed, with about 35 % of the 
84 MW load being treated as dynamic frequency-dependent 
induction-motor load, composed of small induction machines, 
the system just tends to instability.
In obtaining the results presented in Figs. 116 and c, ade­
quate convergence occurred in 10 iterations when an 
accelerating factor of 1 - 35 was used for instantaneous 
frequency convergence (no effort has been made to optimise
breaker 1fault on
1-------0*1 C>5 06/ 07 08O'3 04
Fig. 11C
Swing curves for four machines when 40% of 84MW load at bus 7 
is represented as frequency-dependent and dynamic
fault completely cleared
fault on breaker 1 
off
0 4 0-5
t imej s
Fig. 11d
Terminal voltage at bus 7 when loads represented passively and 
14- 3% of 84 MW load at bus 7 is treated as frequency-dependent and 
dynamic
-------------- with passive loads
-------------- with equivalent circuits
--------------approximate method with assumed parameters
--------------approximate method with known parameters
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the time interval chosen in the example as the aim is merely 
to compare the various calculations).
Reasons for reduced margin of stability when the induction- 
motor loads are considered as dynamic and frequency- 
dependent include the existence of a lower assessed voltage 
after fault clearance than in the case of passive representation 
as shown in Fig. 11 d. (The induction-motor load torque is 
assumed constant.)
4 Discussion
An object of the present work has been to be able to 
allocate induction-motor parameters (relying on conformity 
to type), so that this information may be useful to power- 
system planners to whom normally only the number of units 
and horsepower rating are known. By employing information 
from manufacturers and considerations as outlined in 
Appendix 8, Tables 1 and 2 have been found useful in 
allocating appropriate parameters. To test the order of 
accuracy implied by these methods, single machines and 
groups of machines have been studied with respect to their 
behaviour over assumed realistic power-system frequency 
excursions (as might be expected to be met during power- 
system electromechanical oscillations) by employing, on the 
one hand, accurate information and accurate method of 
computation, and on the other, assuming typical parameters 
and employing approximate methods of computation. Despite 
the fact that many assumptions have been made in the latter 
case, agreement between the two assessments (as shown in 
Figs. 7, 8a and 6) appears reasonable. Because motor effi­
ciencies follow a well defined pattern, active-power changes 
during transient conditions can be predicted considerably 
better than reactive-power changes, which depend on more 
diverse factors. Introduction of deliberate errors in appro­
priate parameters for the conditions of Figs. 8a and 6 and 
Table 3 gives results such that active-power changes are 
assessed by the approximate method of calculation to within 
±5% of the true changes when the following factors have 
their stated limiting conditions:
(а) power factor within it 5 % of true value
(б) inertia factor within ±10% of true value 
(c) full-load slip within ±20% of true value.
Statistically, it is extremely unlikely that errors in assumed 
values for induction-motor parameters would be outside 
these tolerances, particularly on a system supplying large 
numbers of induction motors; results confirm this view. 
Single important induction machines whose parameters are 
known may, of course, be treated separately and accurately 
by using the methods proposed if the necessity arises.
Reactive power is influenced by many factors (Section 2.5). 
It is subject to greater errors in calculations, but changes in 
reactive power can normally be computed to within ±20% 
of the true value (Fig. 10), and further, as indicated in 
Appendix 8.6, change of reactive power has only a small 
effect on input active power.
A feature of the approximate method is the greatly reduced 
time for computations in relation to that required in the 
accurate method, as, in this latter case, each induction motor 
must be treated individually. In view of the reasonable degree 
of agreement between the two, the former method seems 
preferable in most cases.
To demonstrate the utility of dynamic frequency-dependent 
considerations of induction motors on power systems and 
the degree of accuracy attainable with the proposed approxi­
mate method of calculation with machine parameters assumed 
from typical values (in the absence of actual figures), the 
example of Section 3 has been presented. This shows clearly 
that the proposed approximate method is sufficiently accurate 
in relation to what can be achieved by employing true 
induction-motor parameter values. Furthermore, behaviour 
of the power system as assessed on the basis of frequency- 
dependent dynamic representation of induction machines 
differs markedly from an assessment based on passive repre­
sentation of induction motors. Although no firm conclusions 
can be made regarding the true behaviour of the overall 
power system, as this has in all cases been represented in 
the normal fixed-frequency manner, the magnitude of the
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dynamic frequency-dependent effects has been highlighted, 
and the possible importance of representing the complete 
power system on a dynamic frequency-dependent basis has 
been underlined.
This work suggests that in other studies which have involved 
the behaviour of induction machines in dynamic stability 
studies, e.g. study of the Peace River scheme,9 results might 
have differed significantly had dynamic frequency-dependent 
considerations been extended to all induction machines.
5 Conclusions
Methods have been suggested for treating induction 
motors on a dynamic frequency-dependent basis, and may 
be employed, respectively, in the presence or absence of 
knowledge regarding detailed induction-motor parameters. 
An approximate method, using assembled information on 
typical induction-motor properties, and valid even when all 
that is known about the induction motors on the power 
system is the number of units and their ratings, has been 
shown to be reasonably accurate and more rapid than an 
accurate assessment based on true induction-motor para­
meters.
The importance of dynamic frequency-dependent con­
siderations for treating induction motors on power systems 
has been illustrated, and this, in turn, has suggested the 
possible need for assessing the whole power system on a 
dynamic frequency-dependent basis as a means to ensure 
closer agreement between calculated behaviour and true 
behaviour under disturbed conditions.
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8 Appendix
8.1 T orque /s l ip  and  current/s lip  ch a rac te r is t ics
ag a in s t  f r equency
Fig. 2 indicates the equivalent circuit of an induction 
motor. Rt + jX t is the equivalent impedance of r, +  jx t and
Fig. 12A
Equivalent circuit for Fig. 2 by Thevenin’s theorem 
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in parallel, as shown in Fig. 12a. By applying Thevenin’s 
theorem,
Va
x \ +  x3
,/ Jx 3
r \ + J X 11
and
mvfjp
newton
metre
• ( 1)
From eqn. 1, the slope of the torque/slip characteristic 
at s =  0 is
ö T m Vfp
bs 2nfr2
The current drawn by the motor is
, _____________ V.
>■ +  ? ) “ + <*> + * # ( £ ) ’
From eqn. 3, the slope of the current/slip characteristic 
at s =  0 is
M =  K
l)s  r 2
Eqn. 4 indicates that bl/bs is independent of the instan­
taneous operating frequency, at s = 0.
From the current/slip characteristic, I  = I0m +  Cs, where 
the coefficient C is modified for instantaneous frequency as
C R2 +  X 2 1
* + (fJn
With the modified current and knowing the active power, the 
instantaneous reactive power can be calculated.
8.2 Effect of n um ber  of po les  on inertia factor
From the design formula of an induction motor,4
input apparent power =
M l Kwrj2 Bacd2lf0
TjP COS <f>
10“ 3kVA
• • (6)
5-48 x 10~6Jnj
rating in kilovoltamperes 
Assuming the rotor to be a solid cylinder,
kWs/kVA (7)
rid2 ,d2j-5— / — kgm2
or, from eqns. 6, 7 and 8,
H = Bacp (9)
where K =  \1 -1 pi) cos (ft
The diameter of the rotor depends upon the number of poles 
and the shape of poles, e.g. square or rectangular. In 
order to study the effect of number of poles on the inertia 
factor, assume square poles, which is the usual practice.
i.e. pole pitch =  rotor length
or
Substituting for / in eqn. 6,
input apparent power oc Bacd %
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For fixed values of input apparent power, B, ac and / 0,
c/3 constant
or d  oc p2/} . . .
substituting for d  in eqn. 9,
H  oc
(10)
(ID
Tj
746 x 60Phj
newton metres
2r7«i y(l ~  Sj)
For an equivalent motor, substitute eqn. 13 in 12,
Ph\____ I_____ Phi
« ii( l -  s i)  «12(1 -  ^2)
Ph 1 • + Phi
(13)
(14)
«n ( l - 5 , > l  «12(1 -  ^ ) s 2
For j  types of motors with Kj quantities,
equivalent slip (p.u.)
KiPhi + K2Ph2 +  KjPhj
/?n(l -  S\) n i2(l -  s2) ' ' ' « i / l  -  Sj)
K \ P h \  _|_ K l P h i  P j P h j
AJ,,(1 -  J ,)i ,  /7|2(1 -  S2)S2 ' ' ' «iy(l -  Sj)Sj
(15)
Eqn. 11 indicates that the inertia factor will increase when 
the number of poles is increased for fixed values of specific 
magnetic and electric loading, which, in practice, depends on 
the d  : / ratio. However, because of the cube root, this 
increase is only a small one as the number of poles increases. 
From eqn. 11, there will be a reduction in inertia factor 
owing to increased values of B and ac. Moreover, the inertia- 
factor contribution by other moving parts of the motor, such 
as the overhangs of the rotor winding, sliprings, shaft, cooling 
fan, pulley and the rotor end rings, will fall owing to reduced 
synchronous speed, which further reduces the overall inertia 
factor of the motor itself; and thus the inertia factor becomes 
approximately independent of the number of poles. In practice, 
for economic reasons of manufacturing, it is not always 
possible to have square poles, because the standard frame 
sizes will restrict the choice of rotor diameter, and conse­
quently the inertia factor does not follow a definite law. The 
inertia-factor contribution of the load has been found to be 
at least equal to that of the driving motor, as pointed out 
earlier.
8.3 A sse s s m e n t  of equ iv a len t  param ete rs  (full-load
slip T), pow er fac tor  H and  /om)
For an equivalent torque/slip characteristic, the overall 
slip for a group of induction motors is required. In Fig. 12b,
resultant characteristic
equivalent efficiency =  ^  X7 p*7 ..........................(16)
V  KJ _ hJ
V j
2  K J P h i H j
equivalent inertia factor =  — • • (17)
y  K i P h l
V j  c o s  <t>i 
y  K j  P h j
equivalent power factor = ----- —~ —  . . . (18)
y  K i P h i
r/ j  COS <f>j
y  K j F h j V j
equivalent magnetising current =  — C-°? . (19)
(as fraction of full-load y  KjPhj
current) cos</’y17j
8.4 S tu d y  with eq u iv a len t  circuit
From the assumption of linearity, i.e. T =  occo,
J ~  = xcu -  T , ................................................... (20)
(a) assuming 7) is constant,
at =  ^  +  A exp 0 ^  t ...................................... (21)
and A =  w a -------
a
From eqn. 21, the instantaneous angular speed is given by
to -  “ ' | l  -  exp +  cu0 exp . . (22)
(b) Assuming 7) =  aut, where a is a constant, eqn. 20 becomes
doj
. . . .  (23)J —r  =  — a c o ..........................dr
/oc — a \
. . . .  (24)or cu =  A exp ( — —— j  t . . .  .
and O3II
T
From eqn. 24, the instantaneous angular velocity of the 
motor,
at w0 exp t (25)
Fig. 12B
Resultant o f two torque/slip characteristics
the torque/slip characteristics of two induction motors are 
shown as (i) and (ii). From the assumption of linearity,
T] =  Befand T2 =  a2s
the resultant slip
. -  r i +  P2 
«1 +  a2
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( 12)
The instantaneous slope of the torque/speed characteristic 
may be determined by changing the speed slightly, e.g. by 
0 01%, and determining the corresponding torque for the 
given instantaneous operating frequency.
In Fig. 5, the variations of torque developed by the motor 
at the end of each time interval are shown for various values 
of inertia factor. The instantaneous active-power input may 
be determined by the torque corresponding to points M , Q 
etc. from the following steps:
(i) Calculate the load torque for a given or assessed full-load 
slip s00 from the equivalent circuit.
(ii) Calculate the actual full-load speed for slip s00.
8)1
(iii) Change the instantaneous frequency by one step, as 
mentioned earlier for the time interval of Ars (arbitrarily 
chosen here as 0-05 s).
(iv) Modify the equivalent-circuit reactances for the instan­
taneous frequency.
(v) Calculate the new synchronous speed.
(vi) Calculate the instantaneous slip at the beginning of the 
time interval Ar.
(vii) Determine the instantaneous torque developed by the 
motor corresponding to slip s from the equivalent circuit.
(viii) Determine the instantaneous slope of the torque/speed 
characteristic.
(ix) Determine the value of the coefficient A from the initial 
conditions at the beginning of the time interval Ar.
(x) Calculate the new instantaneous speed of the motor at the 
end of the time interval Ar from eqn. 22 or eqn. 25.
(xi) Calculate the instantaneous slip at the end of Ar, that is ,v0
(xii) Calculate the active- and reactive-power input to the 
equivalent circuit for slip s0.
(xiii) Calculate the active-power input to the motor by adding 
core losses to the active power obtained for step (xii).
8.5 S tu d y  with p roposed  app ro x im a te  method
From the assumption of linearity T = ocs, under
T
steady-state conditions at the point F, a =  —-.
soo
C O  1 —  C O
w,
ds — 1 dw
dt w, dt
and dw _7 —  =  ots — T, dt 1
or II
-8I-S31
(26)
(27)
(a) Assuming T, is constant, from eqn. 27, the instantaneous
slip is obtained as
s = — + A exp ( t .............................(28)
a \Jw, J
and A = s, — ~ ................................................... (29)a
The instantaneous slip (p.u.) of the motor is given by
, =  ^ { 1 - e x p ( - £ ; ) r } + , 1exp ( - <£ - ) r  (30)
(b) Assuming T, =  aw, where a is a constant, eqn. 27 
becomes
ds
or J(- a q ) ^  =  as — aw, +  a w , s .......................(31)
aw,
s = -------------a +  aw,
From eqn. 32,
A =  s, —
/ a  +  acu ,\
AeXp- (  j w ~ ) / - ■ ■
aw,
<x +  aw,
The instantaneous slip (p.u.) of the motor is given by
(32)
(33)
aw, I 
a +  aw, I 1 — exp —
/a + acoA 
V Jw, )
+ i ' eXp- ( a ^ i ) / (34)
In assessing the instantaneous active-power input to the 
motor, the following steps are involved:
(i) Calculate the synchronous speed of the motor for the 
specified number of poles.
(ii) Calculate the actual speed of the motor for a given or 
assumed full-load slip.
(iii) Calculate the load torque as
T  _  * » 746i ?
Ci)l(l — J0 q)
(iv) Calculate the slope of the torque/slip characteristic as
■*00
(v) Change the frequency by one step as in Appendix 8.4.
(vi) Modify a by eqn. 2 for the instantaneous frequency.
(vii) Calculate the coefficient A and w, for the instantaneous 
frequency from the initial conditions at the beginning of the 
time interval At from eqns. 29 and 33.
(viii) Calculate the new instantaneous slip at the end of the 
time interval Ar from eqn. 30 or eqn. 34.
(ix) Calculate the instantaneous torque developed by the 
motor at the end of Ar.
(x) Calculate the instantaneous speed of the motor at the end 
of Ar.
(xi) Calculate the active-power input to the motor as
I p  _  T0w0
V
8.6 Effect of reac t ive  pow er on ac tive  power
In order to see the effect of reactive-power variations 
on the active-power demand, an inductive load has been 
considered, as shown in Fig. 12c, supplied through a trans-
v  a  x
Fig. 12C
Inductive load supplied through a transmission line
mission line of impedance. R' +  jX '  By using the approxi­
mate formula for the sending-end voltage,
V g = + I R' cos «/» +  IrX '  sin i/i
Assuming Ir and V the base current and voltage, respectively, 
y  =  1 +  -JT  cos +  Ijy -  sin ^  . . .  . (35)
i ii
For a fixed value of Vn the reactive power at the receiving 
end is proportional to I,, sin ifj. If this component falls, the 
sending-end voltage falls and results in a net reduction in 
the active-power demand at the sending end; i.e. assuming 
that per-unit resistance and reactance are 0 • 02 and 0 1, 
respectively. For 0-8 lagging power-factor load current of 
1 p.u. at 1 p.u. voltage,
Vs = 1 +  0 02 x 0-8 +  0 1 x 0-6
I------------------------- 1 I---------------------- 1
i ii
=  1076
For 1 % change in reactive power at the receiving end, the 
term 11 in eqn. 35 is reduced by 1%, resulting in a 0 06% 
change in Vs, and the active-power demand is reduced 
approximately by 0 12%; whereas, for 0-9 lagging power- 
factor load, 1 % reduction in reactive power at the receiving 
end will result in a 0 0872% reduction in the sending-end 
active-power demand.
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